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1 Introduction

This exposition is the fifth part of our study of triangulated categories in algebraic geometry.
We shall explain how to glue r-structures on triangulated categories and describe their proofs
in detail. Main reference is [BBD].

2 t-exact functors

Definition 2.1. LetC, Dbe triangulated categories and let F : C—=D be an exact functor. Let
(C=°, C29), (D=°, D=’ be t-structures on C, D, respectively. We say that F is r-exact if ¥ C=°
CD>and F CC D=, In the case, the r-structures (C=°, C=°) and (D=°, D=°) are said to
be compatible.

Proposition 2.2. Ler C,D and F be as in Definition 2.1. Let (C=°, C=°), (D=°, D=°) be t-
structures on C, D, respectively. Let 75, 7.5, (resp. 75, 7.D) be truncation functors for each n €
Z with respect to the t-structure of C (resp. D). If F : C—= D is t-exact, then we have

ForS ~7PoF and Fo 6 ~rDoF
foreachn €% .
Proof. Let X be any object of C. For any n € Z , we have the distinguished triangles

Tan =X =T X 97’7'91 X

and
F(TS,[X) =FX) =F (Tzn+1 X) 9TF(TS,, X).
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By Proposition 2.9 of [Ter 15], we obtain F (r.,X) ~ 7., F X) and F (1., X) ~7.,, F X). L]
Proposition 2.3. Let (C=°, C=°) and (D=°, D=°) be t—structures on triangulated categories C
and D, respectively. Let F : C—= D be a fully faithful exact functor. Assume that F is a t—exact

functor. Then we have the following.

) IFF(X) €D forX €, then X EC=°, i.e. FC=°= F CND=".
@) IfF(X) €D>*forX€C, thenX €C?°, i.e. FCZ=F CND=>.

Proof. (i) If F (X) € D= for X € C, then for any Y € C*°, Hom¢ (X, Y)=Homp (F (X), F (Y))
=0 since F (Y) € D>°. Hence we have X €* (C>°) =(C>° by Proposition 2.6 of [Ter 15].

(i) K F (X) € D>*for X € C, then for any Y € C<" Hom¢ (¥, X)=Homp (F (¥), F (X))=0
since F (Y) € D<°. Hence we have X € (C<°)+=C>=° by Proposition 2.6 of [Ter 15]. []

Corollary 2.4. Let D be a triangulated category and let C be full triangulated subcategory of D.
Assume that there exist t—structures (C=°, C=°), (D=, D>°) on C, D, respectively. If the
inclusion functor v : C—="D is t—exact, then a t—structure on D determines a unique compatible t—
structure on C. ]
Proposition 2.5. Let (D, T) be a triangulated category and let (D=°, D=°) be a t—structure on

D. Assume that C is a strictly full triangulated subcategory of D. Then the pair
(C=°, C=% : =(CND=°, CND=

is a t—structure on C if and only if C is stable under the functor 75, i.e. 75 CC C. In this case,
the t—structure (C=°, C=°) onC is called the induced t—structure.
Proof. If (C=°, C°) is a r-structure on C, then r is r-exact. By Proposition 2.2, we obtain 5
X ~ 75X E€C"forany X € C. Hence 75,C C C.

Conversely, assume that 75 C C C. Let us check the conditions of Definition 2.1 of [OT 14]
to show that the pair (C=°, C=°) is a ¢-structure on C.

(a) We have

TC=T(CND>C CNTDC CND=C=
and
TC= 7' (CNDC CNT 'D>C CND>=C>".
(b) is clear because C=°C D= and 7'C>°C 7'D>",
(c) For each X € C, we have a distinguished triangle
T%X»X9 Tg X»TT%X

in D.If 75, CC C, then 75 X € CN'D="=C=’. By Corollary 3.19 of [OT 14], we see that 77 X
is isomorphic to an object of C, and thus it belongs to C, because C is a strictly full
subcategory of D. Hence 72, X € CN'D>'=C>". Therefore by Corollary 3.18 of [OT 14], we

obtain a decomposition in C. Il
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3 Gluing t-structures

Let D, A and B be triangulated categories and let F: A = D and G: D —= B be exact
functors. We suppose the following conditions:
GL 1 F admits a left adjoint functor F. and a right adjoint functor Fr: F. 4 F+ Fr.
GL 2 G admits a left adjoint functor G. and a right adjoint functor Gz : G. 4 G- Gr.
GL3 G o F=0.
GL 4 There exist the following two distinguished triangles:

(3.1) G.GX =X —=F F. X =TG.GX,

(3.2) FFxX =X -=Gr GX = TFFX.
GL5 F, G. and Gg are fully faithful.
Proposition 3.1. From the above conditions, we obtain the following.

@) FLoGL= 0and Fro Gr= 0.

(i) The morphisms d and d’ are unique.

(iii)  The units and counits of the adjunctions are isomorphisms:
FLoF—=id4u =FxoF and G oGr—=idg =G oGr.
Proof. (i) For any Y € A, we have
Homu (FLGLX,Y) ~ Homp (G. X, FY) ~ Homp (X, GFY) =0.
For any X€ A, we have
Homu (X, FrRGrY) ~ Homp (FX, GrY) ~ Hom s (GFX, Y)=0.

By the Yoneda Lemma, we obtain F. o G:=0 and Fr © Gk=0.
@@i) In the distinguished triangle (3.1), we have

Homp (TG.GX, FF.X) ~ Homp(G.TGX, FF.X)
~ Homp(TGX, GFF.X)
=0.

In the distinguished triangle (3.2), we have

Homp (TFFrX, GRGX) ~ Homp (FTFr, GrRGX)
~ Homp(GFTFr X, GX)
=0.

By Lemma 2.8 of [Ter 15], we see that d and d” are unique.

(iii) This follows from Proposition 2.8 of [Ter 16]. L]
Theorem 3.2. Let (A=°, A>%) be a t—structure on A and let (B=°, B=°) be a t—structure on 3.
We define the strictly full subcategories D=° and D>° as follows.

D=" = {X€D|FX< A Gxe€ B2,
D= = {X€D|FX€ A", Gx € B}

Then the pair (D=°, D=°) is a t—structure on D
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Proof . We show that the conditions TS 1—TS 3 in Definition 2.1 of [Ter 15] are satisfied.
(TS1) Wehave

TD= {TX| X€E€ D, F.X €A™, GX € B}
YED|FLTT'YEA®, GT'Y € B~

{
{
{YED| T'FLYEA™, T7' GY € B~}
{
{

YED| FLYETA™, GY €TB"}
YED| FLYE A, GY € B}
= P=°

N

and

T-'D*= {(T7'X | X€D,F:X €A, GX € B

{r

{YED| RTYE A, GTY € B}
{YED| TFxY €A, TGY€E B~}
{
{

YED| FrYET' A, GYET B}
YED| FrY €A™, GY€E B>
= D=0

N

(TS 2) From the distinguished triangle (3.1),we obtain a long exact sequence
-+ =Homp (FF.X,Y) =Homp (X, Y) =Homp (G.GX,Y) =

Ifx €D then F.X € A= and Gx € B=*. If ye T~1 D', then FxTYE A>* and GTYE B>,
and thus TFr YE € A=° and GTYE B=°. Hence we obtain FrYE T 1.42° and Gye 171 32°.
Then we have

Homp (FF.X,Y) ~ Hom4 (FLX, FrY)=0
and
Homp (G.GX,Y) ~ Homs (GX, GY)=0.

Therefore Homp (X, Y)=0forany X € D=and Y € T~ D>°.

(TS 3) Let X €D. From Proposition 2.9. (iii) of [Ter 15], we have a distinguished triangle in 3

(GX) 5(GX) d}(Gx)
3.3) 75 Gx lsex) X 2% 18 ox LU 18 G,

Hence we obtain a distinguished triangle

1
(3.4) y-£x SO B GX =Ty,

where ¢c: idp —=Gr o G is the counit of the adjunction.

Similarly, we have a distinguished triangle in A

7]A(FLY) ey (FLY) dy (FLY)

3.5) T FLY FLY A FLy 24—

——=Tr{ FLY.
Hence we obtain a distinguished triangle
F (el (FLY))oes(¥)

(3.6) Ay DR, pr AR Y > TA,

where ¢r: idp —=F o Fy is the counit of the adjunction.

Then we have the octahedron diagram for distinguished triangles (3.4) and (3.6)
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f

A——= Y —=FrAFLY—=TA

¢
(e}
A x B TA

/ ¢

Y ——= X —> GerBGX——= TY

FrAFLY—= B —=Grt5GX —=TFrAF.Y.

Applying F: to the distinguished triangle (3.6), we have

Fu(f) Fu(F €Y (FLY))0ep(Y)
Fry——=

3.7 FLA

FLFTAFLY —=TFL A,

From Proposition 2.4. (i) of [Ter 16], we see that F. (F (¢4(FL Y))oer(Y)) factors as follows:

Fu(F (14 (FL Y))0er (V)

FLY FLFTAFLY
e i
FLFFL Y- s p prd By
:\LI/F(‘M4 FLY)
ne(FLY)
FLY A FLY.

EW(FLY)
Hence the distinguished triangle (3.7) is isomorphic to the distinguished triangle (3.5).
Therefore by Proposition 2.9. (iii) of [Ter 15], we obtain F1A ~74 FLYE A, and thus F.A
e A",
Applying G to the distinguished triangle of the forth row in the above octahedron diagram,

we have
GF 14 FLY =GB —=>GGr7E GX=TGF 14 FL.Y.
Since G oF = 0 and 7, : G © Gk—=id s, we obtain GB ~ 8 GX € B>'= T-132°, and thus
GBET™'B*. 7
Applying G to the distinguished triangle (3.4), we have

) Ogg
3.9 Gy 2% gx ZCE DO GGrrB GX=TGY.

From Proposition 2.4. (i) of [Ter 16], we see that G (Gr (¢ (GX)) ©ec(X)) factors as follows:

G (Gr(e 5 (GX)) Oea(X))

GX GG 78 Gx
N(mx)) ’H
1
GGrGX 22D o GG 75 Gx
/ :\L?/G 5 6x)
nr(GX)
B
GX b 5 GX.

Hence the distinguished triangle (3.8) is isomorphic to the distinguished triangle (3.3).
Therefore by Proposition 2.9. (iii) of [Ter 15], we obtain GY~ 75 GX € =0 Moreover,
applying G to the distinguished triangle (3.6), it follows from G © F = 0 that GA ~ GY € B=°,
and thus GA € B=°,

Applying Fr to the distinguished triangle of the forth row in the above octahedron diagram,

we have
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FRF 7t FLY=>FrB-=>FrGr75 GX=TFrF 7 FLY.
Since Fx © Gz = 0 and & : id4—= Fx OF, we obtain FxB ~74 F. Y € A*'= T71 A, and
thus FrB €T A™.
Therefore, for any X € D, we have a distinguished triangle
A—=X-—=B—=TA
withA€D="and B € T~ D" 0
Remark 3.3. Let X € D. Under the avove conditions GL 1—GL 5, we have the following:
FIXEA® & FXeL(A)4
< Homuy (F:X,Y)=0 forall Y€ 4!
& Homop (X, FY)=0 forall Y € A
and
FRXEA" & FrX€X(A )4
& Homuy (Y, FrX)=0 forally e A=
< Homp (FY,X)=0 forally &€ A"

If F is the inclusion functor, then the above conditions are equivalent to the following

conditions
Homp (X, Y)=0 forall Y€ A>°
and
Homop (Y,X)=0 forall Y€ A,
respectively. ]

4 Perverse t-structures

Let D, A and BB be triangulated categories and let F : 4 — Dand G :D — BB be exact
functors. In particular, we assume that 4 is the kernel of G and F is the inclusion functor.
Lemma 4.1. We have the following.

@) If G admits a left adjoint functor G., then Ker(G) =(G.B)*.

(i) If G admits a right adjoint functor Gr, then Ker(G) =(GrB).
Proof. By Yoneda Lemma, we obtain

Ker(G) ={X€D | Gx= 0}
{X €D | Homp (Y,GX) =0 forall Y € B}
{X€D | Homp(G.Y,X) =0 forallY € 3}
GLB)+
if G admits a left adjoint functor G, and
Ker(G) ={X €D | GX = 0}
={X €D | Homs (GX,Y) =0 forallY € B}
={X€D | Homp (X, GrY) =0 forall Y € B}
=+(Gr B)
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if G admits a right adjoint functor G, respectively. Il
Proposition 4.2. We assume that the following conditions hold:

(i) G admits a left adjoint functor GL and a right adjoint functor G,

@)  the functors Gi and Gr are both fully faithful .
Then the above conditions GL1 —GLS5 hold .
Proof . We verify the above conditions GL1—GL5.
(GL1) Since G, is fully faithful, we have the exact triple G.13 % DL D/G B, where G.B is
an essential image of G.. By Proposition 5.8 of [Ter 16] and Lemma 4.1, the functor p.:=Q. ©
F: A—=D/G.Bis an exact equivalece
and the Verdier localization functor Q. has a right adjoint functor (Qr)« :==F© p,; !, where p,!

is the quasi-inverse functor to p. . Put F.:= p;' © Q. Then we have

Homu (FLX, Y)=Homu (p;' OLX,Y)
~ Homp/Gip (QLX, pLY)
~ Homp (X, (Qr) xpLY)
~ Homp (X, Fp; 'pLY)
~ Homp (X, FY)
for any X €D and any Y € A. Hence F is a left adjoint functor to F .

Similarly, since Gk is fully faithful, we have the exact triple Gz3 %D L p/ GrB3, where
GrDB is an essential image of Gk. By Proposition 5.9 of [Ter 16] and Lemma 4.1, the functor
pr = Or© F: A—=D/Gr3 is an exact equivalece and the Verdier localization functor Qx has
aright adjoint functor (Qr)':=F© p;', where p;' is the quask-inverse functor to pz. Put Fr .=

pg ' © O . Then we have
Homu (X, FrY)=Homua (X, pg' OrY)
~ Homp /e (prX, QrY)
~ Homp ((Q1)' prX, Y)
~ Homp (Fp;' prX,Y)
~ Homp (FX,Y)
for any X € Aand any Y € D Hence Fr is a right adjoint functor to F.
(GL2) This follows from the assumption G.- G 4 Gr.
(GL3) This follows from the construction of the functor F.
(GL4) Since G is a right adjoint functor to G., by Proposition 5.8 of [Ter 16], we have the
distinguished triangle

Xes —=X—=XaG.p+—=TXs.s.

By Lemma 4.1. (i), we have (G.B)*= Ker(G) ~ F.A. There exist an object Y € 3 with Xc.s
= G, Y and an object Z € Awith X.5+ ~ F Z. Hence we obtain the distinguished triangle

4.1) GLY=X—=FZ—=TGLY.
Then, applying G to (4.1), we have

GGLY—=GX—=GFZ—=TGG.Y.
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Since GGLY ~ Y by Proposition 2.8. (i) of [Ter 16] and GFZ= 0, we see that Y~ GX.
Moreover, applying F. to (4.1), we have
F1GLY—=F . X—=F . FZ—=TF.GLY.

Since F. G Y = 0 by Proposition 3.1. (i) and F.FZ ~ Z by Proposition 3.1. (iii), we see that Z
~ FX. Therefore, by Proposition 3.1. (ii), we obtain the distinguished triangle

GLGX = X —= FF.X > TG.GX.
Similarly, since G is a left adjoint functor to Gr, by Proposition 5.9 of [Ter 16], we have the
distinguished triangle
X6 = X—=Xe:p—=T X+GB)-
By Lemma 4.1. (if), we have +(G.B)=Ker(G) ~ F.A . There exist an object V € A with
FV = X:@p) and an object W € B with Gz W ~ X¢.;3. Hence we obtain the distinguished
triangle
4.2) FV-=X-=GxW—=TFV.
Then, applying G to (4.2), we have
GFV—=GX—=GGrW—=TGFYV.
Since GFV= 0 and GGrW ~ W by Proposition 2.8. (ii) of [Ter 16], we see that W ~ GX.
Moreover, applying Fr to (4.2), we have
FRrFV—=FrX—=FrGrW—=TFrFYV.
Since FrFV ~ V by Proposition 3.1. (iii) and Fr Gk W= 0 by Proposition 3.1. (i), we see that
V ~ FrX . Therefore, by Proposition 3.1. (ii), we obtain the distinguished triangle
FFrX —=X —GrGX > TFFzX.

(GL5) F is fully faithful because it is the inclusion functor. G and Gr are fully faithful from
the assumption. |
Definition 4.3. Let Dand B be triangulated categories with z-structures (D=°, D=°) on D and
(B=°, B=") on B, respectively. Let G : D — B be a t-exact functor and let 4 be the kernel of
G.Let (A%, A2% .= (AND=, AN D=’ be the induced z-structure on 4. Assume that G
admits a left adjoint functor and a right adjoint functor, and the adjoint functors are both fully
faithful. For an integer p, we obtain a new r-structure ¢ D=’,” D= on D by glueing -
structures (A<, A*) and (B=°, B2°) from Theorem 3.2 and Proposition 4.2, where

"D=.={x €D | GX €= and Homp (X, Y)= Oforall Y € 47"},
"D .= {x €D | GX €3> and Homp (¥, X)= 0 for all Y € A"},

Then the t-structure ¢ D=, " D> on D s called the perverse r-structure with a perversity p
obtained by glueing #-structures (A", A>*) and ( B<°, 3>°) and its heart is the abelian
category

PPer (D/B) :="DN" D=,

In particular, when p = —1, we put
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Per (D/B) :=""Per (D/B)
and objects of Per (D /B)are called perverse ob jects. []
The following example is from algebraic geometry. For a projective variety X over the
complex numbers C, we denote by D (X) the derived category of complexes of quasi-coherent
Ox-modules with coherent cohomology sheaves. The derived category D (X) has the standard

t-structure.

Example 4.4. ([Bri 02]) Letf : Y —= X be a birational morphism of projective varieties such
that R f« Oy=0x. By Grothendieck-Verdier duality theorem, the functor R f«x : D (Y) = D (X)
has the left adjoint functor L f* and the right adjoint functor f'. Note that the functor L f* is
fully faithful, and then the functor ' is also fully faithful, because the dualizing functors Dx
and Dy are autoequivalences: f'= DyOLf* O Dy.

Now let us write D = D (Y), B= D (X) and G = R fx, and then we put A = Ker(G). Then
we are in the situation of Definition 4.3. A complex F* € D (Y) lies in Ker (R fx) if and only if

its cohomology sheaves H' (F*)lies in Ker (R f«). For a complex
Foom 2 > pl s 0 gl
of Ker (R fx), we see that the truncation complex
PAN(F*)ir = F 2 > F 1 —>Ker (d") — ( =+

belongs to Ker (R fx). We have the induced z-structure (Ker (R f+)=’, Ker (R fx)=°) on Ker
(R f*) from the standard t-structure (D (Y)=°, D (Y)=%on D (Y) by Proposition 2.5. Hence we
ob-tain the perverse ¢-structure D (Y)=°,”D (¥)=°) on D (Y) with a perversity p by glueing
the induced t-structure (Ker (R fx)*’, Ker(Rf+)*) on Ker (Rf+) and the standard -
structure(D (X)=°, D (X)=°) on D (X). Then objects of Per (Y/X) := Per (D (Y)/D (X)) are

called per-verse coherent sheaves. L]
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