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1 Introduction

This exposition is the third part of our study of triangulated categories in algebraic
geometry. We shall explain the definition and fundamental properties of t-structures on
triangulated categories and describe their proofs in detail. Main references are [BBD],
[GMO3], and [KS90].

Through the exposition, we always assume that the translation functor of a

triangulated category is an automorphism.

2 Definitions and basic properties

Definition 2.1. Let (D, T) be a triangulated category. A z-structure on D is a pair of
strictly full subcategories (D<°, D=Y) satisfying the following conditions:
TSI TDC DVand T"!' D" C D=
TS2 Homp(X,Y)=0forX€ D and Y € T D,
TS3 For any X € D, there exists a distinguished triangle
A X B TA
with 4 € D="and B € T"! D
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The full subcategory D°:= D> N D=0 is called the heart (or core) of the f-structure.
O
We define D" := T-" D=0 and D>" = T " D" for each n € Z.

Remark 2.2. Let (D=0, D) be a t-structure on a triangulated category (D, T) with the
heart DY. Then the subcategories D" and D>" are strictly full for each n. Moreover
we have the following properties.
TSI There exist the following two filtrations of strictly full subcategories of D:
.CDSlc DY plC--C DI DI C -
D PEIS PSP S D PR D DIl S
TS2' Homp(X, Y)=0for X € D" and Y € D" with m < n.
TS3 For any X € D, there exists a distinguished triangle
A X B TA
with 4 € D" and B € D>""\,
Therefore (D<", D>") is a t-structure on D for each n € 7 whose heart is D " :=T "
DO L]

Lemma 2.3. Let (D=°, D>°) be a t-structure on a triangulated category (D, T). Then for
eachn € 7., the subcategories D" and D>" have the zero object.

Proof. For the zero object 0 of D, we have a distinguished triangle 4 — 0 — B —
TA with A € D" and B € D>"! by TS3. Applying the functor Homp (4, ® ) to the
distinguished triangle, we obtain the exact sequence

- = Hom(4, T"'B) — Hom(4, 4) — 0.

Since 4 € D" and T™! B € D" C D>"*! hy TSI, we see that Hom (4, T"'B) =
0. Hence Hom (4, A) = 0 and 4 = 0. Therefore 0 € D=". Then 0 = B and thus 0 €
'D2n+1. l:‘

Definition 2.4. Let D be an additive category and C a full subcategory of D.
1. The right orthogonal to C, denoted by C*, is the strictly full subcategory of D
consisting of objects Y such that for all X € C, Homp(X, Y) = 0.
2. The left orthogonal to C, denoted by *C, is the strictly full subcategory of D
consisting of objects Y such that for all X € C, Homp (Y, X) = 0. []

Lemma 2.5. Let (D, T') be a triangulated category and C a full subcategory of D. Then

foreachi € Z, we have

THCH =(TIC)" and Ti(*C)=(TiC).
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Proof. For the first assertion, we have
YET(CH T 'Ye Ct
& Homp(X, T"'Y)=0forall X € C
< Homp(T'X,Y)=0forall X € C
S rye(ric)h
For the second assertion, we have
XET(IC)y—=T'Xe 'C
& Homp(T ‘X, Y)=0forall Y € C
& Homp(X, T'Y)=0forall Y € C
X e NTiQ).
This completes the proof. L]

Proposition 2.6. Let (D<°, D) be a t-structure on a triangulated category (D, T).
Then we have
D2 = (Dn-1yL  and D = L(D2),
Proof. (1) First we show D! = (D<0)*. It follows from TS2 that D! C (D<%)*.
Conversely, for any object X of (D<°)", we have a distinguished triangle 4 — X —
B — TA with 4 € D" and B € D! by TS3. Applying the functor Homy (4, * ) to
the distinguished triangle, we obtain the long exact sequence
- = Hom(4, T"'B) = Hom(4, 4) = Hom(4, X) — Hom(4,B) = ---.
Then we have Hom(4, T~ 'B) = Hom(4, X) = 0 since 74 € TD<" = D*"!and B € DL
Hence Hom(4, A) = 0, and thus 4 = 0. Therefore X =~ B € D!,
(2) By Lemma 2.5, we have
P2 = 7-0-) Pl = 7--D((PO)Ly = (7= P0)L = (Pn-1yL,
(1" ) Similarly, first we show D=0 = L(D=1). It follows from TS2 that D0 C L(D=1).
Conversely, for any object X of *(D>!), we have a distinguished triangle 4 — X —
B — TA with 4 € D=0 and B € D! by TS3. Applying the functor Homp( ® , B) to
the distinguished triangle, we obtain the long exact sequence
- = Hom(74, B) — Hom(B, B) — Hom(X, B) — Hom(A4,B) — ---.
Then we have Hom(74, B) = Hom(X, B) = 0. Hence Hom(B, B) = 0, and thus B = 0.
Therefore X =4 € D=0,
(2 ) By Lemma 2.5, we have
D=1 PO = Tor((D2ly) = LT DLy = LD,
This completes the proof. ]

Corollary 2.7. The following are equivalent:
(i) to give a t-structure on a triangulated category (D, T);
(i) to give a strictly full subcategory F C D, satisfying TF C F, such that for every
object X € D there exists a distinguished triangle
A—=>X—>B—=>14
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inDwithd € F andB € F*;
(iii) to give a strictly full subcategory G C D, satisfying T™' G C G, such that for every
object X € D there exists a distinguished triangle
A—=>X—>B—=>T4
inDwithA € +G andB € G.
A t-structure (D<°, D>°) on D is given by the pair (F, (T F)" ) in the case (ii) and by the
pair (- G, T G) in the case (iii), respectively. ]

In the rest of this section, (D, T) is a triangulated category and (D%, D°) is a

t-structure on D.

Lemma 2.8. Let X L y 7 LS TX (i = 1, 2) be two distinguished triangles in D. If
Homp(TX, Z) = 0, then hy = h,.

Proof. By the axiom TR4, we have a morphism of distinguished triangles:

x Loy g 7 Moy
id)( l \ley \Lgﬂ lidr}(
x Loy .7 M o1y

Hence g = ¢ ogand h; = hy 0 ¢ . Since (id, —¢) © g = 0, it follows from the long exact
sequence arising from the first triangle

Hom(TX, Z) > Hom(Z, Z) —5> Hom(Y, Z) —L> Hom(Y, Z)
that there exists w : TX — Z such that id, —¢ = y © h;. By the hypothesis, w = 0 and
thus ¢ = id, . Therefore &, = h, O

Proposition 2.9.  We have the following properties.

(i) The inclusion functor 1, : D" —> D admits a right adjoint functor 1, : D — D",
i.e.there exists a morphism of functors y" : 1., © 1., —> idp (the unit of the adjunction)
such that

Homyp., (X, 7.,Y) — Homp (i, X, ¥)
is an isomorphism for any X € D" and Y € D.

(ii) The inclusion functor 15, : D" — D admits a left adjoint functor v, : D —
D", i.e.there exists a morphism of functors &' idp —= 1>, © 1>, (the counit of the
adjunction) such that

Homgp i (120X, Y) —= Homp (X, 12, Y)
is an isomorphism for any X € D and Y € D",

(iii) There exists a unique morphism d™ ™ (X) : tsn1 X — T 1<y X such that
@.1) e, X MK x0Ty
is a distinguished triangle. Moreover, d™! : t*"*1 — T o t_, is a morphism of

functors. The triangle (2.1) is a unique (up to isomorphisms) distinguished triangle A
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— X > B — TAwithA € D" and B € D'\,
The functors 7., and 7., are called the truncation functors with respect to the
t-structure.
Proof. (i) We may assume that the z-structure is (D<°, D>°) by Remark 2.2. In this
case, n = 0. By TS3, for Y € D, there exists a distinguished triangle
@.2) v, Ly £y, Lry,
with ¥, € D" and ¥; € D>. We see that Homy, (X, Y;) L Homy, (X, Y) is an
isomorphism for any X € D= Indeed, this follows from the long exact sequence
Hom(X, 71 7)) ™% fom(X, ¥,) — Hom(X, ¥) —£% Hom(X, 1)),
T-'Y, € D*? C D! and TS2. Then we set 7(Y) := ¥, (up to isomorphisms).
Let ¢ : Y — Y’ be any morphism in D. Then there exists an another distinguished

triangle

@.3) vy £ v £ v Loy

with ¥, € D and Y,' € D=L We show that there exists a unique morphism ¢, : Y,
— Y,"making the following diagram commutative.

/

Yo Y Yi TY,
& ld)

\

Y] Y’ Y/ TY]

Applying the functor Homy(Y,, ®) to the second triangle, Homp(Y,, 77! ¥;’) = Homp(Y,,
Y;") = 0 implies an isomorphism Homy(Y,, Y,,") = Homy (Y, Y'). In that case, ¢ is
the preimage of ¢ ©f under this isomorphism. Then we set 7.( ¢ ) = ¢,. This proves
that there exists a morphism of functors i) © 7., = idp. Therefore we obtain a right
adjoint functor 7.,: D = D
(i) Similarly, we assume that the t-structure is (D=, D). In this case, n = 1. For Y €
D, it follows from the distinguished triangle (2.2) that Homp (Y7, X) & Homp (Y, X) is
an isomorphism for any X € D=L Indeed, this follows from the long exact sequence:
Hom(T ¥y, X) -~ Hom(Y,, X) % Hom(Y, X)-£ Hom(¥,, X)

and TY, € D! C D= Then we set 7.,(Y) := ¥; (up to isomorphisms).

Let ¢ : Y — Y’ be any morphism in D. Then we show that for the another
distinguished triangle (2.3), there exists a unique morphism ¢ ; : ¥; — Y;" making

the following diagram commutative.

Yo Y TYy

Y .
ld> ¢>1
Y

v
Y{ Ly TY{

Applying the functor Homp( @, ¥;") to the first triangle, Homy (77, ¥;") = Homp (1),
Y;") = 0 implies an isomorphism Homy (Y, ¥;") = Homy, (Y, Y;"). In that case, ¢, is
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the preimage of g'© ¢ under this isomorphism. Then we set 7-;( ¢ ) = ¢;. This proves
that there exists a morphism of functors idp — 1. ©7.;. Therefore we obtain a left
adjoint functor 7., : D — D=L
(iii) The first part follows from TS3, Lemma 2.8 and TS2’. We show that d is
a morphism of functors. For ¢ : X — Y, there exists by TR4 a morphism of
distinguished triangles:

" (x)

tenX — =X — 1,0 X

TTSnX

T<n (Cb)l \L(b l‘// lT(T<n (‘b))
dn +1 ( Y)

<Y —Y ——1>, VY ———T1, Y.
It follows from Proposition 3.9 of [OT14b] that v = 7.,.1( @ ). ]

Proposition 2.10.  We have the following two isomorphisms of functors:
7,0T" =~T"o1_ ., and 71,,°oT" =T"otr, ..
Proof. By the adjunction, the first isomorphism follows from
Homp< (Y, 7., T" X) = Homgp(i., Y, T™ X)
=~ Homp(T " 1., ¥, X)
= Homp(i<pim T~ ™ Y, X)
=~ Homp < T~ Y, Ty X)
= Hompr (¥, T™ 7oy X)
for any Y € D" and any X € D.
Similarly, the second isomorphism follows from
Homgp:n (75, T™ X, Y) = Homp(T™ X, 1., 7Y)
=~ Homp(X, T ™1,,7Y)
~ Homp (X, tzem T " Y)
=~ Hompern (Topen X, T Y)
=~ Hompsn (T 75,4m X, Y)
for any Y € D>" and any X € D. ]

We sometimes write 7., and 7., instead of 7.,.; and 7, _;, respectively, and similarly
for D" and D",

Proposition 2.11.  Let X be an object of D.
(i) The following three conditions are equivalent:
(a) X e IDén‘
) 7., X=0.
(¢) The unit (X ) : 1<, X = X of the adjunction is an isomorphism.
(it) The following three conditions are equivalent:
(@) X € D"
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B, X=0.
(¢) The counit €(X) : X — 1., X of the adjunction is an isomorphism.
Proof. (i) follows from the distinguished triangle (2.1). We obtain the exact sequence
Hom(7 7, X, 750y X) = Hom(zs,) X, 701 X) = Hom(X, 7,4, X).
Then by TS2’, we see that the both edges are zero, and thus the middle is zero. Hence
7., X = 0. Similarly, we obtain (i). ]

Proposition 2.12. Let X' — X — X" — TX' be a distinguished triangle in D.
(i) (a) If X, X" € D" then X € D".
) If X', X € D", then X" € D"
© If X, X" € D" then X' € DL,
(@) (@) If X, X" € D" then X € D"

®) If X', X € D" then X" € D>""1.

() If X, X" € D" then X' € D",
In particular, D" and D>" are extension-closed for each n.
Proof. (i) (a) From the distinguished triangle, we have the exact sequence

Hom(X", 7., X) — Hom(X, 7., X) = Hom(X' 7., X).
Then since the both edges are zero, and thus the middle is zero. Moreover, from the
distinguished triangle (2.1), we obtain the exact sequence
Hom(T'z., X, 7., X) = Hom(z., X, 7., X) — Hom(X, ., X)
and thus Hom(z., X, 7., X) = 0. Hence 7., X = 0. By Proposition 2.11.(i), we obtain X €
D=,
(b) Since TX' € D="~1 CD*", this follows from a distinguished triangle X — X" —
TX' — TX and (a).
(¢) Since X € D" C D="*! this follows from a distinguished triangle 77 X" — X'
—= X — X"and (a).
(i7) (@) From the distinguished triangle, we have the exact sequence
Hom(z., X, X') — Hom(z., X, X) = Hom(z., X, X").
Then since the both edges are zero, so is the middle. Moreover, from the distinguished
triangle (2.1), we obtain the exact sequence
Hom(r., X, T"'z.,X) = Hom(z.,X, 7.,X) — Hom(z.,X, X)

and thus Hom(z., X, 7., X) = 0. Hence 7., X = 0. By Proposition 2.11.(ii), we obtain X
e 'DZH‘
(b) Since X € D" C D"~ this follows from a distinguished triangle X — X" —
TX' — TX and (a).
(¢) Since T°! X" € D1 C D", this follows from a distinguished triangle 7°! X"
- X' = X — X"and (a). ]

Proposition 2.13. The strictly full subcategories D" and D>" of D are additive

categories for each n € 7,. Moreover they are closed under direct summands.
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Proof. Since the triangulated category D is additive, the full subcategories D<"
and D" are pre-additive for each n. In Lemma 2.3, we proved that for each n, the
subcategories D=" and D>" have the zero object 0. For any objects X', X" € D, we
have a distinguished triangle X’ — X' & X" — X" — TX' Hence by Proposition
212, if X' and X" belong to D" then X' ® X" also belongs to D>". Similarly, if X’
and X" belong to D=, then X’ X" also belongs to D*". Therefore D" and D" are
additive categories.

Let us show that D" is closed under direct summands. Let X, ¥ be any objects
in D, and assume that their direct sum X @ Y belongs to D*". Then we have two
distinguished triangles X’ — X — X' — TX' and Y — Y — Y" — TY' with
X, Y € D" and X", Y € D>"*L,

Taking a direct sum of the triangles, by Proposition 2.12, we obtain X" & Y" € D<"
since X' ® Y and X ® Y belong to D*". Hence we get X" @ Y"” = 0 and thus X" = Y" = (),
because D" N D>"*1 = (0}, Therefore X=X"and Y=Y’ and thus X and Y belong to D*".

Similarly, let us show that D" is closed under direct summands. Let X, ¥ be any
objects in D, and assume their direct sum X@Y belongs to D>". Then we have two
distinguished triangles X' — X — X" — TX'andY — Y — YY" — TY' with
XY € D" Land X" Y" € D>". Taking a direct sum of the triangles, by Proposition
212, we obtain X’ ® Y € D" since X ® Y and X" @ Y"” belong to D>". Hence we get
X' ® Y' =0 and thus X' = Y’ = 0, because D*"! N D>" = {0}. Therefore X =~ X" and
Y =~ Y " and thus X and Y belong to D"

Proposition 2.14. Let a and b be two integers.
(i) If a < b, then we have
TopOTog = To4OTop = Ty and T OToy = Toy OToy = Tay
@ii) If a > b, then we have
Tep OToq = T54 O T<p = 0.
(iii) We have

Toq ©T<p = T<p O Toge

More precisely, for X € D, there exists a unique morphism
PUNX) 1,1 X > 141, X
such that the diagram:

bx “(X
Tng”() Y 8()TzaX

Sa(f<bX)\L T”b(7>a){)

T>qT<pX ———————>T<jpl>q X
< ST <

commutes, and moreover ® 9%l is an isomorphism.
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Proof. (i) 1s, © 7, = -, follows from Proposition 2.11.(ii). For any X € D and Y € D,
we have
Homyp:v (755 75, X, ¥) = Hompza (75, X, ¥)
=~ Homp(X, )
= Homp:s (755 X, V).
Similarly, we obtain other isomorphisms.
(i7) This follows from Proposition 2.11.
(iii) By (ii), we may assume a < b. By (i), there exist the following two distinguished

triangles:

Tap Tog X M Tog X 8M) Ty X —> T4 T4 X,
24)

T X 1 e X) T X Hesk) Ty Tap X — T, X

By Proposition 2.12, we have T%7., 7., X € D> and T? 7., 7., X € D" Then 7. 7.,
X € D% and 1., 7., X € D=V, Hence 7. 7., X and 7., 7., X belong to D> N D=,
Therefore we obtain
Hompzanpss (754 Tap X, T<p T2 X)) = HoMpza (754 Ty X, 754 X)
= Homp (7 X, 75, X).
This gives the existence and the uniqueness of ¢ .

Now we shall show that ¢ is an isomorphism. We apply the octahedral axiom TR5

. ooy X X
to the morphisms 7., X 7o X) T X 7x) X:
']ail(Tng) Sa(Tng)
T<aX TSbX TZaTSbXH T‘L'<aX
id nP(X) u T (id)
PO g 0 / v
T<q T>qX — Tt X
7" (z<p X) id v T(f)
1117(X) gb+l (X) \
T<pX X Tsp X ——T1<pX
¢4 (7 X) ! iid
ToqTap X o= To g X G Tep X TTs qT<p X

Moreover, by TS2', we have
Hom(rza Tng ‘[>[,X) =0 and Hom(Tza Tgb)(, T71 ‘[>bX) = 0.
Hence, by Proposition 3.20 of [OT14b], there exists a unique morphism of distinguished

triangles:

TzaX

w
T>aT<p X T>p X Tt>qt<p X

i lﬁ lm)

T<plogX ——————> T, X ———————T5p X —————— T1<p1> 4, X
<bl>a 2P (22 4 X) >a 1 (22, X) >b <bl>a

ab]

Therefore we obtain « = ® @ is an isomorphism and @ is the identity. []
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3 The hearts of z-structures

Let (DY, DY) be a t-structure on a triangulated category (D, T) and let D’ = D=0 N
D=9 be its heart.

Definition 3.1.  We define the functor H) : D — D by Hp(X) = 1oy 7.0 X (= 1
7.0 X) for X € D. We also set H'p(X) = HY(T" X) (= T" 15, 1, X =T" 1., 15, X)
for each n € Z. L]

We often write H” instead of H.

Theorem 3.2. The heart D' = D=0 N D" is an abelian category.
Proof. (1) DY is an additive category: This follows from Proposition 2.13.
(2) Kernel and Cokernel in D%: Let f: X — Y be a morphism in D°, and let us embed

finto a distinguished triangle

3.1 xLy£z Ly
Then Z € D=0 N D="! by Proposition 2.12. We shall prove that
(3.2) Coker(f) =~1.0Z and Ker(f) =t,T 'Z

Note that 7oy Z = 1oy 17 Z = H%Z) since Z € D" and
t o T ' Z=t T 0o | Z =t y1g T ' Z =~HUT '2Z)

since Z € D=L

In order to prove (3.2), take any object W E D" and consider the long exact sequences
3.3) Hom(TX, W) = Hom(Z W) % Hom(Y, W) “>Hom(X, W)
and
(34) Hom(W, T"1Y) Hom(W, T™1Z) %Hom(W,X) AHom(W, Y).
Then, since W € DY we have Hom(7TX, W) = Hom(W, T"! Y) = 0 by TS2, and we

obtain the morphisms

(—T" ),

Az
Hom(Z, W) <=——— Hom(zs( Z, W)
and
(T 'Z)s
Hom(W, T' Z) L—"*Hom(W, 1, T Z)
by the adjunction isomorphisms. Hence the long exact sequences (3.3) and (3.4) yield
exact sequences
g*e(2)* r
0 — Hom(tzsy Z, W) ———= Hom(Y, W) —— Hom(X, )
and
0 —> Hom(W,7, T"'Z) o
Then since

-1 o071 '
T (h)sen (T 'Z) Hom(W, X) %Hom(W, Y).

godZy=(E"Z)og*
and
CT Mo (TP Z)e= (T h)ony T Z))s,

we have the following commutative diagrams
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3.5

X Y z Coker(f) —0
OZ o l
y — SB08 oz 0
and
-7 ) oyN(T 12
3.6) 0 roo- 1z T enta2)

X

0 —— Ker(f) d

Therefore we obtain the isomorphisms (3.2).

(3) Coimage and Image in D°: Consider the distinguished triangles

y 8~ 7z Moy TV gy
induced by (3.1) and . . »
AR A ARy P e Ry

We embed the morphism é"(Z)og:Y — 1., Z into a distinguished triangle

3.7) I y 242 7 1.

By Proposition 2.12, we see that I belongs to D>,
We apply the octahedral axiom TR5 to ¥ £z

%z
£12) 75 Z, and then we have

z L rx —
LG NN l T1 TY
! |
7D gD gz D gy
lh il lm
TX oot TL Vs Tog 4 Z oM T2X
Then we obtain the distinguished triangle
e, Z T I T2,

where we set T 2w=T"tho (=T Y41 Z)).

Note that 7"~ Z) = 4%T~! Z). Indeed, we have, by the adjunction morphisms
and Proposition 2.10,

Hom(7 'z._,Z T7'Z) = Hom(z, T

Hence / € D', and thus / € D' ie. [ = 1,1 =

17, T7°1Z7).

tolSince T 'r. | Z=1,T'Z
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it follows from the diagrams (3.5) and (3.6) that
Coim(f) = Coker(t) = Coker(—T ' h)onyAT ' Z) = t.o I =1
and
Im(f) = Ker(m) = Ker(eX(Z)og) ~ 1o T ' TI =11 =1
Therefore we obtain Coim( /) = Im( f"). This completes the proof. ]

Proposition 3.3. If X' — X — X" — TX'is a distinguished triangle in D and if X'
and X" belong to D, then X belongs to D°. Hence the heart D' is extension-closed.
Proof. This follows from Proposition 2.12 U

Proposition 3.4. Let(0 — X L Y £ Z— 0 bea short exact sequence in D,
(i) There exists a unique morphism h : Z — TX in D such that X £ y £2 _a TX is
a distinguished triangle in D.
(ii) Conversely, if X -+ Y £z 4 TX is a distinguished triangle in D with X, Z € D,
then 0 — X £ Y £ 7 — 0isashort exact sequence in D°.
Proof. First we embed f into a distinguished triangle X L Y £ w & TX. By (3.2),
we have
Z = Coker(f) = 150 W and 0= Ker(f) =1t T ' W.
Then it follows from Proposition 2.11(ii) that W € D> and (W) : W — 1, W is
an isomorphism. Moreover by the diagram (3.5), €AW ) g’ = g. Hence we obtain a
distinguished triangle X L y £7 v TX in D. The uniqueness of % follows from
Lemma 2.8.
Conversely, assume that X L y-£7 d TX is a distinguished triangle in D with X,
Z € DO By Proposition 3.3, Y also belongs to D, Then
Coker(f) =~ 1.0 Z=2Z and Ker(f)=t,T'Z=0
imply 0 = X L Y £ 7 — 0is a short exact sequence in D ]

Proposition 3.5. Let (D=’ D>°) be a t-structure on a triangulated category (D, T) and
DO the heart of the t-structure. Let n € Z be an integer. Then, for X € D" and Y € D",
we have

Homgp (X, Y) = Homgpo (H(X), H'(Y)).
Proof. This follows from Propositions 2.9 and 2.11. O

Proposition 3.6.  The functor H° : D — DV is a cohomological functor.
Proof. Let X L Y £7Z > TXbea distinguished triangle in D. We have to prove
that HA(X) — HYY) — HYZ) is exact.
(1) Assume X, Y, Z belong to D>, and let us show that 0 — HYX) — HYY) —
HY%Z) is exact. Let W be any object of D’ Since H%X) = 1, ., X, by the adjunction
isomorphism and Proposition 2.11, then

Homypo (W, H(X)) = Hompo (W, 7y X) = Homp (W, X).
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Similarly, we have Hompo (W, H(Y)) = Homp (W, Y) and Hompo (W, H%Z)) =~ Homy,
(W, Z). By TS2, Homp(W, T-! Z) = 0. Hence the long exact sequence
Homp(W, T-' Z) — Homp(W, X) — Homp(W,Y) — Homp(W, Z),

and thus

0 — Hompo (W, HAX)) — Hompo (W, HAY)) — Homgpo (W, HAZ))
gives the required result.
(2) We only assume Z € D and we prove that 0 — HYX) — HYY) — HYZ)
is exact. For any W € D, we have Homy (W, Z) = Homp (W, T-! Z) = 0, and thus
Homp (W, X) L Homy (W, ') is an isomorphism. Hence we see that 7.y X W) 7Y
is an isomorphism by the adjunction isomorphism. We apply the octahedral axiom TR5
to g X 1) x Ly , and then we have

T(x 0 (x dox
reox 0y T o E e ox
L
on WX \
reox 10y 14 Tr<oX
n"l(X)i X lT(”_l(X”
f \
X Y Z X
o) i |

T>0X o =V s 7 > TrsoX.

Note that there exits an isomorphism of distinguished triangles:

fon 1(X)

T<0X - Y V TT<()X

Zlko(/“) ~ :lT(ko(f))
n7H(Y) 0(Y) v

T<0Y Y >07Y Tt<0o?Y,

which is induced naturally from

_1X
oo X n-H(X)

:iko(f) J/f
1y
= (Y) Y

<0y ———

Hence we have a distinguished triangle

0 X = 1,Y =7 > Tr X
with 7.5 X, 7oy Y € D By Proposition 2.14.G), H%z-q X) = H(X) and H%7.,Y) =
HO(Y). Therefore by (1) we obtain the required result.
(1) Assume X, Y, Z belong to D=, and let us show that H%X) — HYY) — H%Z)
— 0 is exact. Let W be any object of D’ Since H(X) = ., 7., X, by the adjunction
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isomorphism and Proposition 2.11, then
Homgpo (H%X), W) = Homp<o (1o X, W) = Homgp(X, W).
Similarly, we have Hompo (HY), W) = Homyp(Y, W) and Hompo (H%(Z), W) = Homp
(Z, W). By TSZ2’, Homp(TX, W) = 0. Hence the long exact sequence
Homy(TX, W) —> Homp(Z, W) — Homp(Y, W) — Homp(X, W)
and thus
0 — Hompo (H%Z), W) — Hompo (HY), W) — Hompo (HYX), W)
gives the required result.
(2" ) We only assume X € D=0, and we prove that HA(X) — HYY) = HY%Z) —
0 is exact. For any W € D% we have Homy, (X, W) = Homp (TX, W) = 0, and thus
Homy (Z, W) £ Homy (Y, W) is an isomorphism. Hence we see that 7., ¥ ug) (2
Z is an isomorphism by the adjunction isomorphism. We apply the octahedral axiom
TR5 to
iy T4 p g T oy o

and then we have

_T—l
7y © 771z X Y
1 el(z) u
-1 1z o -1 v
ply L _2@°CT @ p-1y o7 U Y
_T—l(g)l % J(_g
-1 T_ISI(Z) -1 Y
71z Y/ t<0”Z Z
X ot s U Ym0 Z = TX

Note that there exits an isomorphism of distinguished triangles:

T lel(y)

T ly T lrooY t<0Y Y
Ei—T_IDO(g) >~

T_l,l 7 _T—l \
T_IY e (Z)o( (g) T_I‘L'>()Z U Y,

which is induced naturally from

el(Y)
Y —————1.¢0Y

lg N\Lbo(g)
el(2)

Z —— 1072
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Hence we have a distinguished triangle
X > 1, Y —>1,7 > TX
with 7., Y, 7.0 Z € D='. By Proposition 2.14.(), H(t., Y) = HAY) and H% 7., Z) =
HOYZ). Therefore by (1) we obtain the required result.
(3) We shall prove the general case. We apply the octahedral axiom TR5 to
Tog X M x L~ Y.

Then we have

reoX n°(x) X el (x) X d'(x) r<oX
/ u
reox L0y 0 Tr<oX
nO(X)l v lT(ﬂOX)
X / Y ¢ 7 TX
) | |
T>1X R .oy £ 2P, &

Hence we obtain the following two distinguished triangles:
TSO X Y Q TTS() X

and
QO — 72— Tt, X —= TO.

Since 7., X € D, it follows from (2’) and H %z, X) = HYX) that there exists an
exact sequence

Hox) 0
Since T 7., X € D, it follows from (2) that there exists an exact sequence

0 = HYQ) - HYZ).

Therefore we obtain H Q) =~ Coker(H°(f)) and the required exact sequence

HY(Y) — H%Q) —= 0.

oy 2D gocyy &) oz,
This completes the proof. []

4 Bounded t-structures

Lemma 4.1. We have the following properties:

(D 0 (i<a)

HieaX) = {Hf(X) (i2a)
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@.2) Hi(X) (i<b)

H'(t<pX) = { 0 (> b)

Proof. This follows from Proposition 2.14.
41).Ifi < a, then H(1o, X) = T' 15; 7,75, X = 0 and if i > a, then
Hi(TzaX) = T[Tgi Toi Tog X = TiTgi TziX=Hi(X)-
4.2). If i < b, then
Hi(TghX) = Ti‘fzz T Ty X = Ti‘fzi ngX=Hi(X)
and if i > b, then H{(t_, X) =T/ 1., 12; 75, X = 0. ]

Proposition 4.2. Let X be an object of D.
(i) Assume X €D for some integer a. Then X €D>° if and only if H(X) = 0 for n < 0.
(ii) Assume X ED=? for some integer a. Then X €D if and only if H(X) = 0 for n > 0.
Proof. (i) If X belongs to D~°, then by Proposition 2.11, we have X = 7°° X. Hence by
Lemma 4.1, we obtain H*(X) = 0 for n < 0.
Conversely, suppose that H"(X) = 0 for n < (0. Then we may assume that a < 0. By
Proposition 2.14, we have the distinguished triangle:
“.3) T"HYX) —> 1., X —> 1o, X —> T "1 HY(X).
Hence X ~17.,X ~1,,,X =--- = 1, X Therefore X € D
(ii) If X belongs to D=, then by Proposition 2.11, we have X = 7, X. Hence by Lemma 4.1,
we obtain H"(X) = 0 for n > 0.
Conversely, suppose that H"(X) = 0 for n > 0. Then we may assume that a > 0. By
Proposition 2.14, we have the distinguished triangle:
@A.4) toy 1 X —> 1, X —> T"HNX) —> Tt X
Hence X ~ 7., X=~1, X =--- =1, X Therefore X € D L]

Definition 4.3. A t-structure (D=°, D) on a triangulated category (D, T) is said to
be nondegenerate if

(1 P=" = 10f  and () D" = {0},

n=—® n=—®

where 0 is the zero object in D. []

Proposition 4.4. Let (D=°, D>°) be a nondegenerate t-structure on a triangulated category
(D, T). Then we have the following:
(i) An object X € D such that H(X) = 0 for alli € 7, is the zero object.
(ii) A morphism f: X — YinD is an isomorphism if and only if H'( ) are isomorphisms
foralli € 7, in the heart D° of the t-structure.
(i) @) D" =1X € D |H(X)=0 foralli > nl.
(b) D"={X€ D|H(X)=0 foralli< n|.
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Proof. (i) If X € D=, by the distinguished triangle (4.4), we get
X 2o gX =1 X =, X = =7, X =
Hence X € N%__,, D" = |0L.
If X € D21, by the distinguished triangle (4.3), we get
X =10 X =10 =X =+ =7, X =
Hence X € N%__ D" = |0\

The general case follows from Lemma 4.1. Indeed, from the lemma, we have H(z
X) = Hi(t.;X) = 0 for all i. Then by the above results, we obtain 7., X = 7.; X = 0.
Therefore the distinguished triangle (2.1) yields X = 0.

(if) Assume H'( f) are isomorphisms for all i. We embed the morphism f: X = Y into a
distinguished triangle X L Y = Z — TX Then we have H{(Z) = 0 for all i since
HY is a cohomological functor and H(f) are isomorphisms. Hence by (i), we obtain Z
= (0 and f'is an isomorphism. The converse is clear.
(iii) First we show the case n = 0.
(@ If H(X) =0 for all i > 0, then H¥(z>; X) = 0 for all i by Lemma 4.1, and so 7., X =
0 by (i). Hence the distinguished triangle (2.1) yields X = 7., X € D", Conversely, if
X € D, then X = 7, X, and thus 7.; X = 0. Hence by Lemma 4.1 we obtain H(X)
= H¥z.; X) =0 for all i > 0.
() If Hi(X) =0 for all i <0, then H(zy T"' X) = 0 for all i by Lemma 4.1, and so 7!
7., X =14, T ' X=0hby (). Hence ._, X = 0, and the distinguished triangle (2.1)
yields X = 7., X € D Conversely, if X € D, then X = 7., X, and thus z._; X = 0.
Hence by Lemma 4.1 we obtain

Hi(X)=H"NT'X)=H"™W 1, T'X)=H"™ (T t._,X)=0
for all i < 0.

For the general case, we take TX for X. []

Definition 4.5. Let (D%, DY) be a t-structure on a triangulated category (D, T)
and D° the heart of the t-structure. Then (D=0, D) is said to be bounded if it
is nondegenerate and for any X € D, only a finite number of objects H(X) € D is

nonzero. 0

Lemma 4.6. Let (D", D) be a t-structure on a triangulated category (D, T). Then the
following two conditions are equivalent.

(i) (D=, DY) is bounded.

(ii) For each X € D, there exist integers n, m such that X € D" N D", i.e.,

D = U psn mDZm
nm €7
Proof. (i) = (ii). Let X € D and set
m=min|i € Z |H(X)+ 0} and n=max{i€ Z|H(X) =0}
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Then X € D" N D",

(@) = (i). Let X € N%__.,D=". Then it follows from (ii) that there exist an integers
mg such that X € D™ | Since X € D" for all n, X € D" N D> for all n. Hence
X =M X = =1 2™ X = () for all n < m, and thus N5__.,D=" = {0}. Similarly, we
obtain N%__ . D" = {0}. Therefore (D=, D) is nondegenerate. Moreover, since there
exist integers n,, m, such that X € D= N'D>", we see that H(X)' = 0 if i & [m, n].
Therefore (D=0, DY) is bounded. ]

Lemma 4.7. Let (D, T) be a triangulated category. Assume that for every nonzero object

X € D, there exists a collection of finite distinguished triangles

D R B R R
» » / » /
N\ \ AN
\ \ \
\ \ s
A1 Ao Ay
For 0 <i <j<n — 1, consider distinguished triangles
S i
X = Xji o1 — IX,.

Then X},| has the following decomposition into a collection of finite distinguished triangles

0= X! Xl Xl = =X] Xl

» > »
\ \ \ /
\ \ \

Ai+1 Aj+2 Aj+1

Proof.Putg,;:==f o+ o fifor 0<i<j<n — 1 Weuseinductionon k:=; — i. If k=0,
then g;; = f; and we have the following isomorphism.

8ii .
X —>Xiy —=X, —=TX;

]

XiLXﬁl A+ TX;

v
Hence we obtain a distinguished triangle
O = Xl[ X z?+1 :
» /
AN
AN

A+

Assume that the statement holds until £ — 1. By induction hypothesis, X,,_; has the

following decomposition
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0= X; Xin Xivg = =X Xivk-1-
» > ~
N / N / h N /
N\ AN N
Ai+1 V) Aivk -1
Now we have the following octahedron diagram.
&gii +k -2 i
X Xivk-1 —= Xy —TX;
l‘f[-*— o
'
&ii +k -1 ;
Xi——Xi+x Xk TX;
8ii +k-2 \L
Sfi+vk-1 v
Xivk-1—=X+x Aivi TXi+i-1
Xivk-1 =X A= TX
This diagram yields the distinguished triangle
X ;+k -1 > X ;+k :
S /
N
AN
N
A+
Therefore we obtain the required decomposition. ]

Lemma 4.8. Let (D, T) be a triangulated category and A a strictly full additive
subcategory of D. Assume that the following two conditions hold.
(i) if ky > k, are integers, then Homp(T* A, T*2 B) = 0 for all A, B € A.
(ii) for every nonzero object X € D, there exists a finite sequence of integers
ky>ky>--->k,

and a collection of distinguished triangles

0= X, Jo X, A Xo—= =X, Sn-1 X, =X
AN N / » /
N\ \ N\
\ \ AN
\ \ AN
Al A2 An

with nonzero objects A; € T A for all i.
Then we have the following.
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(1) for any integer k > k, and any object E € T* A, we have Hom(E, X;) = 0 for 0 < i
< n. In particular, Hom(E, X') = 0.

(2) for any object F € TR A, the map (f,_,© -+ ©f;)s : Hom(F, X;) — Hom(F, X)
is injective. In particular, the morphism f, ;0 - -+ of : X; = X is nonzero, and then
eachf; (i=1,2,...,n — 1) is nonzero.

Proof. (1) We use induction on i If i = 0, then it is clear since X, = 0. Assume that the
statement holds for less than i > 0. Since k > k; > k; and 4; € T% A, by the condition (i),
we have Hom(E, 4;) = 0. Hence the exact sequence
Hom(E, X, ;) L% Hom(E, X;) —= Hom(E, 4;)

yields Hom(E, X;) = 0.

(2) We take the objects X! (i =1,2,...,n) as in Lemma 4.7. It is enough to show that
Hom(F, T-!' X!) = 0. By Lemma 4.7, the object X,! has the following decomposition into
distinguished triangles

0= x{

TR S — Y

X3 X3
' // ' // ' //
\ \ N
\ \ N
Ao As A,

and then we have the decomposition of 7~ X}

0=7%——>7W}> >77x}

) / i /
AN N
AN N
AN AN

T 14,5 7714,

with 771 4, € T%"1 A for 2 < i < n. Hence by (1) we have Hom(F, T~ X,}) = 0 since
k> k> k- 1

In particular, since X; = 4, # 0, Hom(Xj, X;) # 0 and the morphism f, _;°--- ©o f;
=(fi-1 ©°°° © f)¥(idy,) : X; — X is nonzero. ]

Lemma 4.9. Let (D, T) be a triangulated category and let A be a strictly full additive
subcategory of D. Assume that the following two conditions hold:
(i) if ky > k, are integers, then Homp(T* A, T®* B) = 0 forall A, B € A.
(ii) for every nonzero object X € D, there exists a finite sequence of integers
ky > ky > >k,

and a collection of distinguished triangles

0= xo—" —x;—" xy o ox,, I x, =X
\ / \ / ‘ /
AN AN N\
\ AN N
\ \ AN
Al A2 An
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with nonzero objects A; € Th A for 1 <i< n.
Then the integer n and the sequence (ky, ks, . . ., k,) is uniquely determined by X. Moreover,
the sequence (A, Ay, ..., A,) is also uniquely determined by X up to isomorphisms.
Proof. Suppose that for a nonzero object X € D, there exists an another finite sequence
of integers

kY >ky>-->k7,

and a collection of distinguished triangles
A Fa

0= Xg ’ C X

0 / 1 /
X1 Xy —
" / ' / ' /
\ \ AN
\ \ AN
\ \ AN
! /
A1 2

A n

X =X

m

with nonzero objects 4] € TX A for 1 <j < m.

Assume that k; > &/. By Lemma 4.8.(1), we have Hom(X;, X') = 0. On the other hand,
by Lemma 4.8.(2), we have Hom(X;, X) # 0. This is a contradiction. Hence &, < 4.
Similarly, if we assume k] > k;, then we have a contradiction and k; < k;. Therefore we
obtain k; = kj.

Next we define objects X! and X'} such that
X X} TX

n

/ Y
ool

1
X X' TX|

X1
are distinguished triangles. By Lemma 4.7, we have the following two decompositions

0= x{ X}— =Xl X

» N
N\ N

\ AN

AN N

A2 Ay
and
0= X" Xy =X X',
N / N /
\ N
AN AN
\A/ \A,
2 m

By Lemma 4.8.(1), we obtain Hom(X;, X'},) = 0 since k; = k{ > k}. Then there exists a
morphism ¢ : X; — X' such that
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j'n —10 of'l

X1 X X! TX,
(ﬂ
\ / v of!
Tooiemef
XL Ly x'! TX].

Similarly, there exists a morphism ¢’ : X", = Xj such that

) r/n—lo o‘fll

X/ X x'L TX|

Y g wof
X1 X x! TX1.

n

Hence we have (f,—1° - -°ofi)(9©0) = (f-1° - °fi)(idy,). By Lemma 4.8.2), we
obtain ¢’0 ¢ = idy,. Similarly, we obtain ¢ ©¢” = idy,. Therefore ¢ : X; — Xjis an
isomorphism and 4; = X; = X] = Aj. Moreover, from the following isomorphism of

distinguished triangles
fVl—l O see ofl

X1 =X X! TX,
Q| ~ : Tol|~
i ’ o...of/ v i

ypimt Ly x TX},

we obtain X! = X1
For i > 2, we obtain inductively that k; = £} and the following isomorphism of

distinguished triangles

xitt s xi-l X Tx i
(ﬂil: l: l: T(pll:
X/ xitt X", X/

Therefore we have 4, =~ X/ =~ X"""1 >~ 4" and X = X"L,

Let us show that n = m. If n < m, then k; = kjand A; = Ajfori=1,2,...,n, and
we have a collection of distinguished triangles
0= X,/1n Xr/ln_'_1 e eenene 4>X’;;1_1 X,’,’: QX,': =0
» »
AN AN
\ / N /
AN AN
/ /
n+l A m

with nonzero objects 4, € T kKi° A for all j. On the other hand, by Lemma 4.8.2), the
morphism 0# 4,,, = X", — X' is nonzero, and then X'% # 0. This is a contradiction.

Hence we obtain m < n. Similarly we obtain n < m. Therefore n = m. ]
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If the conditions (i) and (if) in Lemma 4.9 hold, then for each nonzero object X € D,
the integer n and the sequence (%, ko, ..., k,) are determined uniquely. Then we put
kool X) =k, and  ky(X) =k,

Note that k,,(X) and k;,(X) have the following properties:
kol TF X) = ko (X)) + k and  ky(TH X)) = k(X)) + &

for any integers k.

max

Proposition 4.10. Let (D, T) be a triangulated category and let A be a strictly full additive
subcategory of D. Then A is the heart of a bounded t-structure (D=°, D>°) on (D, T) if and
only if the following two conditions hold.
(i) if'ky > k, are integers, then Homp(T* A, T*2 B) = 0 for all A, B € A.
(ii) for every nonzero object X € D, there exists a finite sequence of integers
ky > ky>--->k,

and a collection of distinguished triangles

0= X X1 Xo—>r =X, X, =X

‘ / \ / ‘ /
\ \ N
\ \ N
\ \ N
A1 Ao

Ay

with nonzero objects A; € T* A for all .
Proof. “only if” part. Assume that (D=0, DY) is a bounded t-structure on (D, T') and
A is the heart of the #-structure.
(i) We have Th 4 € Th 4 € D=l Tk B & Tk 4 C D> "% and —k, < —k,. Hence
we obtain Homp (7% 4, T% B) = 0.
(ii) Let X&D be a nonzero object. It follows from Lemma 4.6 that there exist integers a
< b such that X € D= N D% If a = b, then we have X € T™“ A and a distinguished

triangle 0 X idy X 0. If a < b, then we obtain a collection of
distinguished triangles
0~ 1< X ——1<, X —————— 1< 411 X — —>14p X ——=X
» / ~ / » /
AN AN AN
N\ AN \
AN AN AN
T—aHb(X) T—a—lHa+l(X) T—be(X)

with —a>-a—-1>---> -5,
“If” part. Assume that the conditions (i) and (ii) hold. First of all, we define strictly full
subcategories D*" and D" of D as

DI ={XED|X*+0k,(X)>-n}U]|0,

D= | XE DI|X+0,k,(X)< —n| UL
Then we see that D" = T~ DV and D>" = T™" D> Indeed, for any nonzero object
X € D, we have
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k(X)) 2 —n <=k (X) +n >0 k,;,(T" X) > 0.
Hence we obtain
XeEDI=T'Xe DVl X T "D
Similarly, we obtain that X € D" if and only if X € T-" D>,
We show that the pair (D<°, D°) is a t-structure on (D, T). To do this, we verify
the conditions TS1, TS2 and TS3 of the definition of a t-structure.
(TS1) This follows from the construction of subcategories D" and D"
(TS2) Let X € D=V and Y € DL Then there exist finite sequences of integers
kh>ky>->k,2>20 and -12L>0L>--->1,

and collections of distinguished triangles

0= Xy X1 Xo— =X, —X, =X
N / » / » /
\ \ AN
AN \ AN
AN \ AN
A1 A2 Ay
with nonzero objects A; € T% A foralli=1,...,n and
0= Yy )4l Yo > =Y, ——Y, =7
» » »
\ / \ / AN /
\ \ AN
\ \ AN
By B2 B
with nonzero objects B; € T/ A forallj=1,...,m.

We use induction on n to show that Homp (X, Y) =0.If n = 1, then X = X] = 4, €
T Aand k, >0> —-1>1 >--->1, By Lemma 4.8.(1), we have Homp (X, Y) = 0.
Assume that the statement holds for less than » > 1. First we note that X, ; € D=
since X, = X € D= and k,_; > k, > 0. By induction hypothesis, we have Homp(X,_1, Y)
= (. On the other hand, since k£, 20> —1>1/, >--->/,, Lemma 4.8.(1) implies Hom,
(4,,Y) = 0. Hence from the exact sequence

Homp(4,, Y) — Homp(X, Y) — Homp(X,-,, Y),
we obtain Homp(X, Y) = 0.
(TS3) Let X be a nonzero object in D. If k,,,.(X) < 0, then X € D! and we have the
distinguished triangle 0 — X —~ X — 0. If k;(X) > 0, then X € D=* and we
have the distinguished triangle X > X = 0 - TX So we may assume that there
exists a number i € {1, 2, ..., n — 1} such that

ke X) =k > ky> >k 20>k > >k, = ki (X).
Then from the collection of distinguished triangles

fO fn—l

0= Xy X1 /1 Xg— =X, —X, =X
™ » / AN /
\ \ N
\ \ N
\ \ N
Al A2 An
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in the condition (ii), we have X; € D<C.

Now we consider the distinguished triangle

A e ¢ X,

as in Lemma 4.7, and then we have X', € D=L Therefore (D, DY) is a t-structure
on D.

Next the t-structure (D=, DY) is bounded, because for any nonzero object X € D,
we have X € D= i) N D= himaxX),

Finally A is the heart of the t-structure (D=°, D=°). Indeed, it follows from the
definition of D=0 and D that 4 € D N D’ If X is a nonzero object in D= N D0,
then X = 4, € A since k,;,(X) = k,,,.(X) = 0. Hence we obtain A = DN D=, []

Remark 411. Let (D, T) be a triangulated category and (D=, D) a bounded
t-structure on D with the heart D°. Then
D" is the smallest strictly full extension-closed subcategory of D that contains
all the objects of the subcategories T* D° for integers k>—n,
D> is the smallest strictly full extension-closed subcategory of D that contains
all the objects of the subcategories T* D for integers k<—n.
Indeed, let D =" (resp. D' =") be the smallest strictly full extension-closed subcategory
of D that contains all the objects of the subcategories T* D° for integers k>—n (resp.
k<—n). Then it follows from Lemma 4.10 that D" € D <" and D>" € D >". Since
(D", D>") is a t-structure, D" and D" are strictly full extension-closed subcategories
of D. Hence D" = D <" and D" = D ", ]
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