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1 Introduction

Triangulated categories are now very popular tool in algebraic geometry. This note is the first
part of our study of triangulated categories in algebraic geometry. We shall explain the
definition and fundamental properties of a triangulated category and describe their proofs in
detail.

2 Categories and functors

In this section, we introduce basic notions of categories and functors. Main references are
[ML98], [HS97] and [KSO06].
Definition 2.1. A category C consists of the following data:
(i) asetOb(C), whose elements are called the objects of C,
(@ii) for each ordered pair of objects X, Y of Ob(C), a set Hom¢(X, Y), whose elements
are called morphisms from X to Y,
(i) for each ordered triple of objects X, Y, Z of Ob (C), a map
Hom¢(X, Y) x Hom¢(Y, Z) = Hom¢ (X, Z),
called the composition map and denoted by (f, g) — gof.
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These data satisfy the following conditions:
1. the sets Hom¢ (X, Y) and Home (X/, Y’) are disjoint unless X=X’ and Y=Y,
2. the composition o is associative, i.e., for f € Hom¢ (X, Y), g € Home(Y, Z) and h €
Hom¢(Z, W), we have
(hog)of =ho(ge f),
3. for each X € Ob(C), there exists the identity morphism idy € Hom¢ (X, X) such that
foidy=fand idy o g =g
for all f € Hom¢ (X, Y) and all g € Home (Y, X). L]
We often write X € C instead of X €Ob(C), and f : X =Y to denote a morphism f € Hom,
(X, Y). The set of all morphisms in C is denoted by Mor(C).

Definition 2.2. (i) A morphism f : X = Y is an isomorphism if there exists g : Y= X such
thatfog =idyand g of=idy. If f : X = Y is an isomorphism, we write f : X = Y or
elseX ~ Y.

(i) A morphism f : X = Y is a monomorphism if for any two morphisms g1, g2 : Z—= X,
fogi=fogzimplies g1 = go.
(ii) A morphism f : X —= Y is an epimorphism if for any two morphisms g1, g2 : Y=2Z2,

giof=gzof implies g1 = ga. O

Definition 2.3. Let C be a category.

1. A subcategory C’ of C, denoted by C’ C C, is a category C’ such that Ob(C’) C Ob
(C), Home (X, Y) € Home (X, Y) for all X, Y € C’/, with the induced composition map,
and the identity morphism idy € Hom¢/ (X, X) forallX € C’.

2. A subcategory C’ of C is called a full subcategory if Hom¢' (X, Y) = Hom¢(X, Y) for all
X,YE (.

3. A full subcategory C’ of C is called a strictly full subcategory of C if it is closed under
isomorphisms, i.e., X € C belongs to C’ whenever X is isomorphic to an object of C’.

O

Definition 2.4. Let C and C’ be two categories. A functor F from C to C’ consists of the
following data and rules:
@@ amapF :0b(C) = Ob((C),
(ii) amap F : Hom¢(X,Y) = Hom¢e' (F (X), F (Y)) forall X, Y €C.
These data satisfy the following conditions:
F (idy) = idpx) forallX €C,
F(gof)=F(g) o F(f)forallf:X=VY,g:Y—>Z. U]

Definition 2.5. Let C, C’, C” be categories and let F : C—=C’, G : C’ = (C” be functors.
The composition G © F : C = (C” is a functor defined by
(GoF)X):=GF X))
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for all X €0b (C) and

(GoF)(f):=GF(f))
for all f € Mor(C). ]

Definition 2.6. Let F: C—= C’ be a functor. We say that F is faithful (resp. full, fully
faithful) if the map

Hom¢(X, Y) = Hom¢' (F (X), F (Y))
is injective (resp. surjective, bijective) for all X, Y € C. L]

Definition 2.7. A functor F: C = C is an automorphism of C if there exists a functor G: C
—= (C suchthat F oG = G o F = ide. In this case, we write F " instead of G . ]

Definition 2.8. Let C, C’ be categories and let F1, F2: C—= C’ be functors. A morphism of
functors 0: F1 = F2 consists of a morphism 0y : F1(X) = F2(X) for all X € C such that for
allf : X = Y, the diagram:

F1(X) LFZ(X)
Fl(f)l l Fa(f)

Oy
F1(Y) —=F2(Y)

commutes. L]

Definition 2.9. Let C be a category. Let I be a set and {X;} ;c; a family of objects in C. A
product of that family is a pair (P, (p;);e;) where
(@) P isanobjectof C,
(ii) foreveryi €I, p;: P = X;is amorphism of C,
and this pair satisfies the following property: for every other pair (Q, (¢;);e;) where
(1) Q isan objectof C,
(2) foreveryi €1,q;: Q = X;is amorphism of C,
there exists a unique morphism r : 9 —= P such that for every index i, g; = p; © r. Il

We shall write [];e; X; for the product of a family X} ;e

Definition 2.10. Let C be a category. Let I be a set and {X;};e; a family of objects in C. A
coproduct of that family is a pair (P, (s;);e;) where
(i) P isanobjectof C,
(ii) foreveryi € I,s;:X; = P is a morphism of C,
and this pair satisfies the following property: for every other pair (Q, (1;));c;) where
(1) Q isan objectof C,
@) foreveryi €1,t;:X; = Q is amorphism of C,
there exists a unique morphism u : P = Q such that for every index i, t;, = u o s;. ]

We shall write [[;e; X; for the coproduct of a family {X;l ;e.
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Proposition 2.11.  We have isomorphisms, functorial with respectto Y € C:
() Home([[ies X, Y) ~ [lies Home (X, Y),
@) Home(Y, [IiesX) ~ [lie; Home (Y, X)).
Proof. This follows from the definitions. ]

Definition 2.12. (i) An additive category is a category C satisfying the following axioms
AD1—AD3:
AD1 There exists a zero object 0 € Ob(C), i.e. an object such that Hom¢(0, 0) is the zero

group.
AD2 ForallX,Y € C,Hom¢ (X, Y) has a structure of an additive group, and the composition

map o is bilinear.
AD3 Forall X,Y € (C, there exist an object Z € C and morphisms

hW:X=272,i0:Y=72,p1:Z2=X, pp:Z2—=>Y,
such that
p2oir =0, proip =0, p1oip = idy, paois = idy
and
i1 0 p1tiz o pa=idz.

Such an object Z is called the direct sum of X and Y, and denoted by X @ Y.
(ii) Let F : C—= C’ be a functor of additive categories. F is said to be additive if the map
Hom¢ (X, Y) = Hom¢/ (F (X), F (Y)) is additive for any X, Y € C. ]

If {X;} ;jc;is a family of objects of an additive category C and the coproduct [];e; X; exists

in C, it is denoted by @;e; X; and called the direct sum of the X;’s.

Definition 2.13. Let C be an additive category and let f : X = Y be a morphism in C.
(i) We say that k : K—=X is a kernel of f if fok = 0 and for any morphism g : Z = X
with f o g= 0, there exists a unique morphism g’ : Z—= K such that g =k og’. This is

visualized by the diagram:

. .
K x Loy
§ ~.
S T %
Z

(ii) We say that k : Y= L is a cokernel of f if ko f=0 and for any morphism # : Y= W
with 4 o f= 0, there exists a unique morphism 4’ : L == W such that » = h’ o [. This
is visualized by the diagram:

1
X / Y L
e
w.
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Definition 2.14. An abelian category is an additive category A satisfying the following
axioms AB1 and AB2:
AB1 Every morphism in A has a kernel and a cokernel,

AB2 Every monomorphism is a kernel, and every epimorphism is a cokerel. ]
3 Triangulated categories
In this section, we introduce the notion of a triangulated category and prove its fundamental
properties. Main references are [Ver77], [GMO03] and [KS06].

Let D be an additive category and let T be an additive automorphism of D.
Definition 3.1. A triangle in D is a sequence of morphisms

h
XngZ TX.

A morphism of triangles is a commutative diagram:

3.1 / y—= Z X

X
i a ifa’ \L Y \L T(a)
X / i

/ Y/ Z/ 7"}(/.

An isomorphism of triangles is a commutative diagram (3.1) such that «, g and y are

isomorphisms in D. ]

Definition 3.2. A triangulated category is an additive category D with an additive auto-
morphism 7 : D — D, called the translation functor, endowed with a family of triangles,

called distinguished triangles, satisfying the following axioms TRO—TR5:

TRO A triangle isomorphic to a distinguished triangle is a distinguished triangle.
TR1 The triangle X My o 0=>7TXisa distinguished triangle.
TR2 Forall f:X— Y, there exists a distinguished triangle

f
X Y V4 TX.

The object Z is called a cone of the morphism f, which is denoted by Cone(f).

TR3 A triangle X A Y= 2z L TX is a distinguished triangle if and only if Y—> Z L
x "2 1y isa distinguished triangle.

TR4 Given two distinguished triangles X L v-5 z . TX and X’ Loy g L X'
and morphisms «: X = X’ and : Y =Y’ with f’ o a = o f, there exists a morphism

y : Z — Z' giving rise to a morphism of distinguished triangles:
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f g h
X Y V4 X
ia iﬁ Ly \L T(a)
]
oLy Mo
TR5 Given three distinguished triangles
h
xL -~y VA TX,
g k
Y Z X’ TY,
o I
X LS V4 Y’ X,

there exists a distinguished triangle Z’ S y5 x5 17 making the diagram below

commutative:
h
(3.2 X / Y VA X
e
5 ]
o !
X L) Y’ X
f v ()
g k v
Y V4 X’ Y
h ! T(h)
v w
/A Y’ X’ TZ'

Diagram (3.2) is called the octahedron diagram.

Definition 3.3. Let (D, T) and (D’, T”) be triangulated categories. An additive functor F : D
—D’ is called an exact functor if the following two conditions are satisfied:

(@) There exists an isomorphism of functors
FOT~T/ OF.

(ii) Any distinguished triangle

X Y V4 TX

in D is mapped to a distinguished triangle

F(X) F(Y) F(Z) TF (X)

in D/, where F (TX) is identified with TF (X) via the isomorphism of functors in (7). [

h !
Lemma3.4. Let (D, T) be a triangulated category. LetX-> y—% 7—> TX and X'-1>
/ n'
Y% 7/ —= TX' be two distinguished triangles.
(@) For morphisms B:Y—=Y"and y :Z—=Z7' withg' © B =y O g, there exists a morphism

a: X—=X' giving rise to a morphism of distinguished triangles:
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h
X U X
L iﬁ ly | T(a)
v, v
A

@ii) For morphisms y : Z—=7' and T (a) : TX—=TX' with f'© y = T (a) © h, there exists a

morphism 3 : Y—=1Y' giving rise to a morphism of distinguished triangles:

h
X / Y g VA X
\L a % B l 4 lT(a)
]
! / h/
XLy oy X'
Proof. This follows from TR3 and TR4. ]

Proposition 3.5. If X$ Y- Z—=TXisa distinguished triangle, then g © f = 0.
Proof. From TR1 and TR4, we obtain a morphism of distinguished triangle:

idy
X X 0 X
i idy i s l idyy
| i
Y g
X Y z TX.

Hence g 0 f= 0.

Definition 3.6. A full subcategory C of a triangulated category D is said to be extension-
closed or closed under extensions if, Y€ D belongs to C whenever X— Y—=Z7Z— TX isa
distinguished triangle in D with X€ C and Z€ C. The extension-closed subcategory of D
generated by a full subcategory SCD is the smallest extension-closed full subcategory of D

containing S.

Definition 3.7. Let (D, T) be a triangulated category and let 4 be an abelian category.
1. Assume F : D— A is a covariant additive functor. Then F is called a covariant coho-
mological functor if for any distinguished triangle

u v w

X Y Z X

in D, the sequence

F(X)@F(Y)@F(Z)

is exact in A.
2. Assume F : D— A is a contravariant additive functor. Then F is called a contravariant
cohomological functor if for any distinguished triangle

u v w

X Y Z X
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in D, the sequence

F®) F(u)
F(Z)—=F)—=FX)

is exactin A.
3. For a cohomological functor F, we define F”" :=F © T" for each n €Z. L]
Let X— Y—= Z— TX be any distinguished triangle in D. If F is a covariant

cohomological functor, then by the axiom TR3, we obtain a long exact sequence
.o 9Fﬂ—l (Z) 9F}1(X) 9FH(Y) 9F"(Z) 9Fﬂ+1(X)9 PRy
Similarly, If F is a cotravariant cohomological functor, then we obtain a long exact sequence

= F"T(X) = F"(Z) = F"(Y) = F"(X) = F""\(Z) = -

Proposition 3.8. For any WED, the two functors Homp(W, ®) and Homp(® , W) are
cohomological .

Proof. Let X L Y-*>7-—>TXbea distinguished triangle and let WE D. For ¢ € Hom (W, Y)
with g © o= 0, it follows from Lemma 3.4 that we have a morphism y : W— X such that

idw
W % 0 ™
Ly iea i T
v v
x—L =y 2.7 TX.

is a morphism of distinguished triangles. Hence o= f © . Therefore we obtain an exact

sequence
Hom((W, X) ELS Hom(W, Y) LA Hom(W, Z).

Similarly, for ¢ EHom(Y, W) with ¢ ©f=0, it follows from Lemma 3.4 that we have a
morphism y : Z —= W such that

x—L =yt -7 ™
idw v
0 1% % 0

is a morphism of distinguished triangles. Hence ¢=1© g. Therefore we obtain an exact
sequence

Hom(z, W) £ Hom(Y, W) 2L Hom(X, W).

This completes the proof. ]

Proposition 3.9. Let X—=>Y—>Z->TX and X'—=Y'—>27'-">TX' be distinguished
triangles in a triangulated category D, and let g : Y— Y' be a morphism. Then the following
conditions are equivalent.

(@) v/ ogou=0,
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(b) there exists a morphism f : X = X' such thatu’ O f = g O u,

(b") there exists a morphism h : Z-=Z' such thatv' ©g = h O,

(c) there exists a morphism of triangles (f, g, h).
Moreover, if the conditions are satisfied and Homp(X, T ~1Z')= 0, then the morphism f (resp. h)
of (b) (resp. (b)) is unique.

u A% w
X Y z X
£ g i h| G
v y v
AL I R

Proof. (@) = (b). Applying the functor Hom(X, ®) to the second distinguished triangle, we
have a long exact sequence

-+ —=Hom(X,T"1Z") = Hom(X, X') = Hom(X, Y') = Hom(X,Z) = ---.

Since g ©u EHom(X, Y’), we obtain the required result from the sequence. And we have the
uniqueness of fif Hom(X,T~1z’) = 0.

b)=>@).v'ogou=v'ouof=N0.

(@) = (). Applying the functor Hom(e®, Z’) to the first distinguished triangle, we have a

long exact sequence.
-+ = Hom(7X, Z’) = Hom(Z, Z’) = Hom(Y,Z') = Hom(X, Z') = ---.

Since v/ © g EHom(Y, Z’), we obtain the required result from the sequence. And we have the
uniqueness of 4 if Hom(7X, Z’) = Hom(X,T~17’) = 0.

@)= @v ogou=hovou=0.

(b) = (c). This follows from Axiom TR4.

)= @).v'ogou=hovou=0. ]

Corollary 3.10. Let X Sy 75TX bea distinguished triangle in a triangulated category
D. Suppose Homp(X, T~1Z) = 0. Then we have
(i) the cone of u is unique up to unique isomorphism.
(i) w is a unique morphism x : Z = TX such that the triangle X —= Y —> Z—>TX is
distinguished .
Proof. If in Proposition 3.9, X= X’, Y=Y’ and f, g are identities, then Z is isomorphic to Z’,
so Hom(X, T—1 Z’) = 0, and (i) is the result of the uniqueness of h. For (ii), we apply

Proposition 3.9 to the following diagram.

X Y VA TX
ldxi idyl " i,
u 14 V X v
X Y Z X
Then we have h = id; by the uniqueness of 4. Therefore w = x. ]
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Proposition 3.11. Let (D, T) be a triangulated category. Consider a morphism of distinguished

triangles:
X Y Z X
R
X’ Y’ z/ TX'.

If two of the morphisms, a, p and y are isomorphisms, then so is the third.

Proof. For any W € D, we obtain the commutative diagram:

--—=Hom(W, X) —= Hom(W, Y) —= Hom(W,Z) —= Hom(W, TX) —= -+
a*l/ ﬁ*l/ y*\L l/T(a)*
--«—>Hom((W, X’) —=Hom((W, Y’) —=Hom(W, Z’) —=HomW, TX') —--.
Since Hom(W, ®) is cohomological, the rows are long exact sequences. If two of the
morphisms «, 8 and y be isomorphisms, then the corresponding morphisms in the above
diagram are also isomorphisms, and thus so is the third. Hence we obtain the required

isomorphism from the Yoneda lemma. L]

Corollary 3.12. Let X y—=7—=TX bea distinguished triangle in a triangulated category.
Then f : X =Y is an isomorphism if and only if Z is isomorphic to 0.

Proof. Consider the morphism of distinguished triangles:

idy
X X 0 X
idxi i f i l/idrx
X—=Y z TX.
!
Then we obtain the statement from Proposition 3.11. L]

Proposition 3.13. Let (D, T) be a triangulated category which admits direct sums indexed by a
setl.

(i) Let {X;};e; be a family of objects in D. Then T (®;e; X)) ~ ®ie; TX;

@ii) Let {X; =Y, = Z; = TX,},e; be a family of distinguished triangles in D. Then

Gier Xi = ®ie; Yi = ®ie1 Zi = @i, TX;

is a distinguished triangle.
Proof . (i) Let W €D. Then we have

Hom(T (¢;e, X)), W)~ Hom(®;e, X;, T~1 W)
~]] Hom(X;, T~1 W)
iel
:H Hom(TX;, W)
:llgilom(@,-e, TX;, W).
Hence T (®;e; X) ~®;e; TX..

10
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(ii) By the axiom TR2, we have an object Z € D such that
®ie;Xi = ®ie; Yi =>Z =T (®ie; X)

is a distinguished triangle. By the axiom TR 3, there exist morphisms of distinguished

triangles

X; Y; Z; TX;
Gie X; — e Y —=Z —> T (@, X).

and they induce a morphism of triangles

Gier X — = BieYi —= Die1 Zi —= @i/ 1X;

i Voo i

@ier Xi — Dier ¥, Z T (®ier X).

Let W €D. Apply Hom(®, W), and we obtain the commutative diagram of complexes

Homp(T (®;e; Y), W) —= Homp(T (6;e; X)), W) — Homp(Z, W)

Homp(s,¢, TY;, W) ——= Homp(s;e; TX;, W) —= Homp(®,e,Z; W)

— Homp(®;e,Y;, W) — Homp(®;e,X;, W)

—_— Hom’D(@,‘EI Yi? W) e HomD(GB,EIX,-, W)

The first row is exact since the functor Homp is cohomological. The second row is

isomorphic to

[T Homp(1Y,, W) = [I Homp(7X;, W) = [I Homp(Z;, W)
iel i€l i€l
= [ Homp(Y;, W) = [ Homp(X;, W).
iel iel
Since the functor [ [;<; is exact on the category of abelian groups, this complex is exact. Since
the vertical arrows except the middle one are isomorphisms, the middle one is an
isomorphism by the five lemma. ]
Since X 25 X —=>0—=>7X and 0—=>Z %7 —=0 are distinguished triangles, by
Proposition 3.13, we have the following distinguished triangle:
]
0

0id
(3.3) X—=>Xa L0 0y

Conversely we obtain the following.
h
Proposition 3.14. Let X —= Y —= Z —= TX be a distinguished triangle in a triangulated

category. If h= 0, then this triangle is isomorphic to the distinguished triangle (3.3).

Proof. From Lemma 3.4, we have a morphism of distinguished triangles

11
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0
X Y V4 X
idxi iidz i idyy
]
X XaZ V4
[idx} [0 id] 0
0
Then by Proposition 3.11. (ii), we obtain an isomorphism Y ~ X ¢ Z. L]

Proposition 3.15. Let(D, T) and (D', T') be triangulated categories and let F : D' —D be a

. h
Sfully faithful exact functor. Then a triartgle X A Y= Z—=T'Xis distinguished if and only if

> F(h)
the triangle F (X) "2 F (v) 244 £ (2) "% TF (%) is distinguished.

: h . ) .
Proof. Let X 1>y <> Z—>T'X be a triangle in D’, and assume that FX —2 Fy 2% Fz

o (FX) is a distinguished triangle in D. We have a distinguished triangle X oy g
h%T’ X in D’. Then by TR3 and Proposition 3.11, we obtain an isomorphism of distinguished

triangles in D:

Fx) L p ) L& F@) W 1 0
T
F(X) o F(Y) s F(Z)WTF(X).

h
Therefore the triangle X Ioy iz N mxis distinguished.

Definition 3.16. A subcategory D’ of a triangulated category (D, T) is a triangulated sub-
category if (D’, T|y) admits the structure of a triangulated category and the inclusion functor
¢ : D' — D is exact. U

Definition 3.17. A full subcategory C of a triangulated category (D, T) is said to be closed
under translation if 7C= C. Il

Corollary 3.18. Let D’ be a full triangulated subcategory of a triangulated category (D, T). If
a triangle X —Y —= Z—=TX in D’ is distinguished in D, then it is distinguished in D’. ]

Corollary 3.19. Let (D, T) be a triangulated category and let D’ be a full subcategory of D.
Then D’ is a triartgulated subcategory if and oniy if the following conditions are satisfied.:

(@) D’ is closed under translation,

@ii) for any distinguished triangle X —= Y —= Z—= TX in D with X, Y €D’, the object Z is

isomorphic to an object in D’ .

In particular, strictly full triangulated subcategories are extension-closed.
Proof. Let X e Y= 7= TXinD bea distinguished triangle in D’. Then we have a
distinguished triangle X . Y — Cone(f)—=TX in D. By the condition (ii), there exists an

12
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object Z’ €D’ such that Z’ ~ Cone (f), and thus we obtain a commutative diagram:

X

X

Hence the distinguished triangle X Ly = Z—=TXinD isalso distinguished in D.

f

Y

z

v
Z/

X

!

Y

TX.

Proposition 3.20. In a triangulated category D, consider the diagram of solid arrows
X0 = x1—"> x2 — "= 7x0
f 1 T
u/
Yo Y! Y2 TY®
8 T(g)
A A z? A
h ac —T(h)
X0 1 2 T2X0.
T (1) T®O) —T(w)

Assume that the two first rows and columns are distinguished triangles. Then the dotted arrows can
be completed in order that all squares are commutative, except the one labeled "ac” which is anti-

commutative, and all rows and all columns are distinguished triangles. See [BBDS2].

Proof . By Axiom TR5, we have the following three (octahedron) diagrams.

h
(.4) x0 L —yo £ o 70 X0
id W « id
PO A 2 T A )
f id B T(f)
u’ v/ w/
Yo y! y? TYO
g ¢ id T(g)
P VA SR
(3.5) X0 = x1——=x2 -~ 7x0
id 7 v id
x0 L2y o Y xo
u id S T(u)
.f/ d/ h/
X y! A X!
v 0 id T(v)
A L — e

13
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s
(3.6) x: L =w 71— = 1x2
id B W id
"_ " "
y Ly 8 M e
y id w’ T(y)
WLy e g
P g id T(8)
V// W// _T(u//)
VA 72 770 ivA)

Note that we have § © ¢ = u” from the lower right-hand square in the diagram(3.6). It
follows from these diagrams that we obtain distinguished triangles X2 = Y2 > 72> TX2 and
79> 7! = 72 = TZ° Moreover we see that the squares (1)-(8) are commutative and the

square (9) is anti-commutative as follows.

X0
f

3.7

TXO

u

w

X! X2
() @ e
u’ Yl v/ Y2 w/
@ g © g" ©)
u” Z] v ZZ w’”
) n' (8) n"(©9)
X! TX?
T (u) T(v) —T(w)

(1) f'ou = u’of. This is an assumption.
(2) frov=pBoyov=p0pof =y/of.

(3)

(4) g'ou'=00cpou'=80a0g=uy"0g.
(5)

(6) T(g)ow'=¢g =w"o0g",

(7)

(8) W"oy'=¢=TW) oh'.

9)

References

T(HOow=T(NHOoYOoy=wopoy=wof

g//OV/Zg”OﬁOﬁpzvﬂoéogﬁzvﬂogl-

hou"=h'ocdoa =Tw)oyvoa =T(®w)Oh.

X0
T(f)
TYO

T(g)

TZ°
—T(h)

T2X0.
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T(W)oT () Oh"=T (W O y)oh"=Tw)oh"= —(=Tw) °hr").
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