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1. Introduction

Tropical geometry has been intensely studied over the last decade motivated by
its connection with algebraic geometry, such as in [18]. On the other hand, it has wide
applications to many fields of mathematics and other sciences since tropical geometry
is a research of piecewise linear functions [2, 3, 9, 11, 17].

In this paper, we will classify tropical nonsingular plane cubic curves. We de-
fine tropical curves as the corner locus of tropical homogeneous polynomials in three
variables embedded in a tropical projective surface P?'?. This definition is equiva-
lent to saying that tropical curves are the dequantization of plane projective curves
[4, 8, 16]. As in [1] and [8], we say a tropical curve is nonsingular if all the branch
points are simplicial, namely, the point has exactly three edges and the dual triangle
has the lattice area 1/2.

The classification of tropical lines is rather trivial, and the classification of tropi-
cal plane quadratic curves is given by [20]. In [13], Kato obtained the classification of
tropical plane cubic curves that are obtained as the dequantization of cubic curves not
passing through the three poles of the projective plane. In this paper, we dequantize
cubic curves passing through poles too.

The following is our main theorem.

Theorem 3.2. The set of homeomorphism classes of tropical nonsingular cubic curves
has a one-to-one correspondence to Table B.

The theorem is a consequence of:

Proposition 3.1. The refinements of the subpolygons of a triangle of degree 3 are
listed in Table A up to linear translations.

Every tropical cubic curve is dual to a refinement of a subpolygon of the triangle
of degree 3 (see Proposition 2.1). Since every refinement given in Proposition 3.1

corresponds to a tropical cubic curve, we obtain the theorem.
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2. Tropical Curves
Let K be Puiseux series field C((¢)) and define the valuation vk : KX — R as
vt KX 3 Eie@ a;t' — min{i | a; #0}.

We define vgn : (K*)" 3 (21, ..., Tn) = (vr(21),...,0K(zn)) € R™.

Let F € K|x1,...,z,] be a nonzero polynomial. Denote the zero locus of F in the
torus (K*)" by Z(F), i.e.,

Z(F)={(a1,...,an) € (K*)" | F(a1,...,a,) = 0}.
We define tropical affine hypersurface AH(F) to be the closure of —vk (Z(F)).

From now on, we assume n = 3. For a polynomial F = 37, . | apr'y’ 2 €
Klz,vy, 2], define f to be a function defined by

[:R? 5 (X,Y, Z) — max(—vk (aijr) +iX + Y + kZ) € R.
Then AH(F) equals the corner locus of f. See [12] or [19] for more details.
Remark 1. Let @, ® be binary operators on R defined by
a®b=max(a,b), a®b=a+b.
Then (R, ®, ®) is a semifield without a zero element [2, 7, 10, 19]. We call this semifield
a tropical semifield. Using these operators, we can rewrite the above function f as f =
D, k>0 vk (ai;1) XY Z*. Thus f is a polynomial function over the tropical semifield.

We say that two elements (a1, a2, as), (b1,b2,bs3) of R® are equivalent if there exists
a real number X such that a; = b; + X for every i € {1,2,3}. This is an equivalence
relation and we define the tropical projective plane P*" to be P> = R3/~. This
is homeomorphic to the interior of a triangle.

Remark 2. P?%° can be obtained naturally by gluing three R?’s.

Remark 3. Tropical semifield is sometimes defined as (T, ®, ®), where T is the union of
R and a zero element —co. In this setting, P*"" will be defined as
(T3 \ {(—o00, —00, —00)})/~, which is homeomorphic to a triangle with the boundaries.
Three vertices are (—co: —c0 : 0), (—00:0: —00), and (0: —oco : —c0).

Let F € K[x,y, 2] be a homogeneous polynomial of degree d. Since the set AH(F)
is closed under the relation ~, AH(F) defines a subset of P?"°*, We call this subset
(projective) tropical curve of degree d and write as V(F). Tropical curves are finite
graphs with unbounded edges.

Denote the coefficient of the term z'y?z* of F by a; ;1. Let Ar be a subset of R?
defined as follows:

Ap = ConvexHull{(7, j, ) € R3 | aija—i—j #0, o <vk(aija—i—j)}
Let Sp be the set of all the edges of Ap. Put 7 to be the canonical projection
7 :R? x R — R%. We denote the refinement of the Newton polytope Ar = 7(Ar) with
the boundary being #(Sr) as Subdive. The following proposition is well-known [20].
Proposition 2.1. Subdivr and V(F) are dual to each other. Each vertex (resp. edge,
face) of Subdivr corresponds to a face (resp. an edge, a point) in V(F) with the

adjacency relations preserved.
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Example 1. For G = tay + 2+ yz + t22, Ag is a (0 )
quadrilateral with vertices being (0, 0), (0,1), (1,0)
and (1,1) as shown in Figure 1. Since vertices
of Ag are (0,0,—1), (0,1,0), (1,0,0) and (1,1, 1),
Subdivg consists of two triangles glued together
along an edge (the dot lines). By drawing the dual
line of Subdivg, we obtain V(G) (the thin lines).
We say that V(F) is nonsingular if Subdivs re-

(—oc:—nc:0) (00— i =00

fines Ar maximally. That is to say, every refined

subpolygon is a triangle of area 1/2. Note that all Figure 1: V(G) and Subdivg
the vertices of a nonsingular tropical curve are of degree 3.

Remark 4. Every singular tropical curve is a degeneration of nonsingular tropical
curves [8]. For example, the singular tropical curve V(zy + zz +yz + 2?) (Figure 2) is

the 7 — 40 limit of a nonsingular tropical curve V(t"zy + 2z + yz + t"2%) (Figure 3).

3. Classification of Nonsingular Tropical Cubic Curves

Thanks to the duality between Subdive and V(F), we can reduce the problem of
classifying tropical cubic curves to the problem of classifying the refinement of a
subpolygon of the triangle of degree 3.

Proposition 3.1. The refinements of the subpolygons of the triangle of degree 3 are
listed in Table A up to linear translations and permutations of three vertices. Each
refinement is realizable as Subdivp for some F.

Proof. Shown by enumeration. The polynomial written below realizes each refinement. [

We used a Maple package [6] to find concrete tropical cubic polynomials.
Theorem 3.2. The set of homeomorphism classes of nonsingular tropical cubic curves
has a one-to-one correspondence to Table B.

Proof. Follows from Proposition 2.1 and Proposition 3.1. |

Corollary 3.3. There are 73 nonsingular tropical cubic curves up to homeomorphism.

(—00:0:—0x) (—oc:0:—00)

(—oc: =0 :0) (0: =00 : —00) (—00:—00:0) (0:—00: —00)

Figure 2: singular curve Figure 3: nonsingular curve
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Table A. List of Subdivg

.
. . . B B
. . . . . . B B B B
. . . . . . . . B B B B B B B
a cubic monomial x4+ tz?y + xy® + ty? tz® + 2%y + zy® + ty®
B B
. . . . B . B .
. . . . . B B B .
. . . . . . . B B B .
xyz + y3 2z + 'y3 22+ yzz +28 Yz + z2? + 28
. . . .
. . . . . . . .
. . . . . . .

ta?z 4+ w2 +y2? + 28

tryz + z2? + yzz +t28

wyz + tez® 4+ tyz2? + 28

tay + wyz + x2? + 23

22y + twyz + tr2® + 28

ta® + a2’z + 22 +y2® + 28

.

PAAN

.

7AN

tzd + 2?2 + Yz + z2% 4 t2°

.

te?z + xyz + z2? + ty22 + 2°

.

AN

tx?z + ryz + 2% + y22 + 123

.

:t2y +ixz 4+ tryz + 2% 4 23

.

trly + 2%z + zyz + x2® + t2°

.

22y + ta’z + xyz + a2 4 t2°

.

.
.
.

tr?y + xyz + tyz + te2?

ty® + taz + ayz + twz?
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30 4tz + xyz

+ 2%+ I,Syz2 +t2°

te® 4+ 2%z + t‘ja:yz

+ ez’ + t3y22 +12°

e’ + 2?2 + tryz

+tw2® 4yt 1550

30 4tz + xyz

+az 4 /,yz2 +172°

z2y + %72 + tryz

+taz + t3y12 +2°

trzz/ + %% + TYz
+z22 4 tayz2 +2°

txzzy +tzlz + TYz

+ x4+ tyz2 +%2°

t312y +a%z 4+ tryz

+tza® + yz2 +1%2°

.

tgmzy +ta’z 4 tryz

+ 2%+ t"jyz2 +t2°

.

Pa’z + Yz + ﬁnyZ
+ ez’ 4 tyz2 +2°

.

ta’z + Yz + tyzz
+azt 4+ yz2 +12°

tay® + ta’z + wyz + w2 + t2°

tw2y +tatz+ xYz

+ ty22 + tx2?

thy + 3272 + TYz

+ tyQZ +tx2?

tyz +talz 4 TYZ
+ tyzz +tx2?

. .
ty3 +txlz 4+ TYz
+ tsyzz + tz2?

. .

txyz +tz?z 4 xYz
+ ty2z + taz?

*2° + &y + ta’z

+tryz + 22 + t3y22 +2°

0® + 2y + ta’z

+xyz + 2 + t:‘yz2 +2°

tz® 4 tzzzy + 2%z

+zyz + 2+ t2y22 +t2°

32’ 4+ tz:zy + 2%z

+ayz + z2? + 152;1112 +t2°

.

D D
t2x2y +ayz + t2y2z
+ ez 4 y22 +2°

.

ta:Qy +ayz + tyzz
+ ez 4 tyz2 +172°

t:l;2y +xyz + tzyzz
+ 322 + ty22 +12°
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.
. .
.

f,:rzy + xyz + nyZ
ez + /,33/,22 +1°2°

.

.

f,;tyz +ta’z 4 xyz
+ /,yzz + te2® + I,yzz

. .

t:r,y2 +tatz 4 TYyz
+ !,3_1/22 + tez® + Iyz2

fn:y2 +ta’z 4 xyz
+ I,yzz +tez® + t3y22

tzy2 +taz + xYyz
+ %% 4 P2 4 tyz2

<>

t.ryz + ty3 +ta’z
+ xyz + ty2z +tx2?

tacy2 + t3y3 +tz?z
+xyz + ty2z + taz?

==

t‘?zy2 +ty® +taz
+zyz + t,yzz + taz?

.
.
.

.

lgmyz + I,y3 +tz’z

+ xyz + txy2z + txz?

.
.
.
.

/,23?23/ + I,zacy2 + tz’z

+zyz + z2? 422

.
.
.
.

1,3‘)721/ + Ir,y2 +ta’z
+xyz + 2 4 27

N

:tzy + I‘r,y2 +ta’z
+ xyz + z2% +12°

g

2y + oy’ + 02’z

+ xyz + tz2® + 2°

2’ + P2z + TYz
+ t3y2z + %522
+ t2yz2 +132°

32® +taz + TYz

+ tyzz +z2 + y22 +12°

tz® 4+ 2%z + Yz + f{l/ZZ
+azt 4 t2y22 +1428

»

ta® + 2%z + xYz
+ iy’ 4 taz? +y2t 4+ 1%

2* 2’z + tryz
+ 'y et 4yt 4602

Y.

tzzQy + %% + xYz
+ tzyzz + 222 + tzyz2 +%2°

tzzy + %% + Yz
+ t3y22 +tx2® 4 toZQ +122°

V.

1:2y + %2z + rYyz
+ tgyzz +taz® + i,yzz +2°

=

thy +ta’a 4 xYyz
+ tyzz + a2 + tsyz2 +152°

.

tal:y2 + 2%+ xYz
+ iy22 + ez 4 ty22 +172°

t:l;2;z/ +tx’z + TYz
+ tyzz + 222 + y22 +142?
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S

f,:rzy + P2z + xyz
+ yzz +22® + I,y,z2 +12°

.
.
.

f,z;tzy + tzary2 + zyz
+ iy’ 4 P oyt 4120

.
.
.

t3.1>2y + ta)y2 +xyz

+ I,“jyzz +tw2® + tyz? 2

f.1:2y + a>y2 +xyz
+yle 4 s oty 41520

tz2y + tzy2 + zyz
+ ty22 +txz® + tyz2 +132°

v

tlzzy + tgzy2 +zyz
+ 'y 4 P2’
+ t4y22 +1%2°

™

tzzzy + 1,1/2 +xyz

+ t3y2z +tezt 4+ tyz2 +2°

tzQy + tzy2 +xyz
4ty s + a2’ + Pyt 1S

.
.
.

ta:zy + tar:y2 + xyz
+ tayQZ + Pz + ty22 +12°

.
.
.

tzzy + t:i:ty2 +xyz
+ ity + a2 4yt 4 2P

.
.
.

t. 23/ + tx‘ty2 +zyz
+ tyQZ +tez® 4 tyz2 +1%2°

t:tzy + tzy2 +xyz
+ t“{yzz + ez’ 4 ty22 +132°

t1:2y + t4x112 +xyz
+ tyzz +z2 + tzyzz + 1427

™

thy + xyZ +zyz + t4y2z
+tte? 4 t2y22 +1t2°

=

f:vzy + t.’vy2 +tz?z
+zyz + fyzz + a2+ tyzz

tz?y + tzy® + tz’z
+xyz + tyZZ + ez + 1‘,3yz2

.

.
.

tgl'zy + tzy2 +ta’z
+xyz + tyzz
+ itz 4+ t3y22

.
i .
.

tzzy + t'izy2 +ta’z
+xyz + tyzz
+ itz + t3y22

.
i .
.

tzzy + t31y2 + %22
+zyz + tyzz
+ itz + t'zyz‘2

% |

t22% + P2y + 22?2
+ zyz + tsyzz + t2a2?
+ t2y22 +1%2°

tha® 4 tzarzy +ta’z
+ zyz + tsyzz
+ a2’ + tyzz +2°

% |

ta® + t,21:2y + 2%z
+xyz + tzyzz + tx2®
+ f,zyzz +142°

% |

22’ + t7<07y + %27z
+ zyz + t3y22 + 22
+ t2y22 +172°

% |

t22® + t4:r2y + ta’z
+ tryz + tsyzz +z2?
+ tgyZQ +142?
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%9 |

tz® + t2.'t2y + 2%z
+ zyz + I,2y22 + tx2®

+ y22 +12°

@
20 4 tay + 22’2

+ xyz + I,3y22 +x2?
+ lyz2 +2°

&
22 + f.7:2y +ta’z

+ zyz + I,y2z + txz?
+ I,yz2 +172°

% |

ta® + f,"‘a:zy + 2%z
+ xyz + Lzyzz + txz?

+ I,2yz2 +1t?

@ |

5 + 902,1/ + %272
+xyz + tayzz + tx2?
+ ty22 +2°

&S
t*a® + t312y + %%z

+tryz + t3y2z + t3z2?
+y2 +t°2°

@
t'a® + t212y +ta’z

+xyz + 11/2z +x2?
+ t2y22 +1428

% |

20 + t512y +ta’z
+xyz + t1/2z +z2?
+ t2yz2 +1t2?

@ |

t'a® + P2ty + ta®z

A

2a® + t4:t2y + a7z

AN

t'a® 4 oy + 22”2

@ |

150° + ta?y + 32”2

+xyz + tyQZ + t222? +xyz + ty2z + t2a2? +xyz + tyQZ + tx2? +xyz + ty2z +tx2?
+y2’ +t'2° +ty2” + 1020 +tyz” + 2 +t0y2® +02°
D D D .
.
22 4+ t4x2y + %272 tsﬁy + 1% y2 + %%z tﬁy + 1‘1‘;112 +ta’z t:l;2y + tzl'yz + %%z
+ teyz + t2y72 + 3222 +ayz + tgyzz + tx2® + xyz + tyzz + taz? +zyz + tzyZZ + taz?
+ yz2 +°2° + ty22 +2° + ty22 +172° + tyzz +12°

B@ |

tirlzy + tacy2 + %%z
+zyz + t2y22 + t2a2?
+ 1%y + 1727

2

z2y + t'iany2 + %%z
+zyz + t5y2z + taz?
+ 7f2yz2 +2°

2

tmzy + tar,y2 +ta’z
+zyz + nyZ + taz?
+ 7f3yz2 +1%2°

=5

tzzy + t1y2 + %2
+zyz + tyQZ + taz?
+ tyz2 +1%2°
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f,:‘;tzy + f,;r,yz + tx’z
+ xyz + /,yzz + txz?
+ I,y.z2 +12°

N

f,;tzy + f,;r,yz + 3272
+zyz + [:51/22 + ta2?
+ lyz2 +t2°

v

t2m2y + t4,’1:y2 + '’z
+ zyz + I,y2z + txz?
+ y22 + 27

W

f.7:2y + tmy2 +t°2%z
+ zyz + I4y22 + 222
+ yz2 + 27

v

tay + t'zy® + 2%z
+xyz + tz/Ez + 2222

+ylt 2

=y

t,Saczy + t21y2 + 2%z
+xyz + ty22 + taz?
+y2 + %20

8

ta’y + 15'1ary2 +ta’z
+zyz + yQZ + 22
+ yz2 +1428

AN

tzQy + tzy2 +ta’z
+xyz + t4y2z + 2222
+y 4+

=1

t:r,zy + t31y2 + 32?2
+xyz + tyzz + twz?
+ tyz‘2 +%2°

=

ta'zy + tzy2 + 32?2
+xyz + t“‘yzz + twz?
+ tyzz +1%2°

Y

t4‘t2y + tzy2 +ta’z
+zyz + t4y22 + t222?
+ yzz +'2°

™

t:tzy + tzy2 +1%2%2
+ zyz + tﬁyQZ + t322?
+ t'iyzz +t2°

% |

32’ 4+ tzﬁy + t3:£y2
+ %27z + Yz + t3y2z
+ 222 4 tzyz2 +172°

% |

3% + t31v2'u + t41'y2
+ a2 + ryz + txyzz
+azt 4 yz2 +t2°

.3 2, 2

8
+
g
<

i

+ 22z + xyz + tzyzz
+taz® + t2y22 +1428

=3

tz® + t2:£2y + t41zy2
+a%2 4 zyz + tgyzz
+az 4 t4y22 +152°

% |

2’ + 2%y + t'ay”
+tzlz 4 zyz + tﬁyzz
+ 22 + yz2 +112

% |

t*2® + t212y + tzzyQ
+ 2%+ Tyz + tmyQZ + t2a2?

+ t6y22 +1%2°

% |

*0® + ta’y + tay®
+tzlz 4 Tyz + ty2z
+ itz 4 tyz2 +%2°

% |

t*a® + tzzzy + t%yz
+ %%z + ryz + ty2z
+ 2z 4 t2yz2 +1°2°
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tz® + tarzy + tQ;tyz
+ta’z 4 zyz + /,‘r’yzz
+ P22 4 /,zyz2 +1°2°

@ |

o2 + ;r,zy + t7a>y2
+ 0%z 4 I,zaryz + /,'”yzz

+ 02 4 I,Oyz2 +142°

@ |

tz® + ;r,zy + t:r,yz
+ 2’z 4 ryz + /,8_1/22
+ tez® + I‘jyz2 +172°

=

%0 + t4,’ﬂ2y + t,s.'r,yz
+ %%z 4 tryz + t'y?z
+ a2’ + l4y22 +1°2°

3 + t312y + t61y2
+a%2 4 Yz + 1‘1/2z
+ 22° + t,zyz2 + th2?

@ |

32 + :0211 + t2zy2
+tatz 4 Yz + t4y22
+ z2° + 1‘,3yz2 + t°2°

@ |

'+ 12y + tzzy2
+tatz+ Tyz + teyzz
+azt 4 tzyz2 +t2°

@ |

t'a® + tay + twy?
+tatz 4 tryz + 16y2z
+azi 4 t3yz2 +t2°

.

t'a® 4+ 2%y + t'xy?
+tatz+ Tyz + ty2z
+x2* + yz‘2 +%2°

@ |

323 +12y+t61y2
+txlz 4+ tQIyz + twyzz

+tze? + t5yzZ +122°

@ |

0 + 2y + Cay?
+ %% + tryz + t"’yzz
+ 72?4 t"‘yzz +122°

@ |

t72% + t4cr,zy + ar,y2
+ 2%z + TYz + tnyZ

+ it + tyz2 +2°

.

tha® 4 tzﬁy + 1‘,:1;;1/2
+a%2 4 ryz + tyzz
+x2 + tzyz2 + 1427

@ |

2% + t4:v2y + t41'y2
+a’z4 tryz + txyzz
+ 2% + tzyz2 +1523

@ |

o’ + t5:£7'u + t9'1:y2
+az+ tryz + t3y22
+azt 4 y22 +122°

@ |

tha® + t.tZy + t41zy2
+ ta’z +xyz + ty2z
+ ez + t3y22 +152°

.

t*2® + tay + tPay®
+ta’z + Tyz + tyQZ
+ %22 + tyz2 +152°

@ |

t*2® + tzzy + tany2
+txlz 4+ TYyz + t3y22
+ P2t 4+ 7fyz2 +152°

@ |

150° + 2y + tay®
+ 'z + tryz + t8y2z
+ %22 + 7f5yz2 +%2°

@ |

t%2° + tzQy + tgzy2
+ %272 +ayz +ty’z
+ itz 4 tgyz2 +1°2°
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%
>

30 + t,z;tzy + tza>y2
+ /,31/3 + 1207z + zYyz
+ I,2y22 + 72
+ L2y22 +12°

tha® + f,;r,zy + 1‘,sa>y2
+ I,ny +taz + xYz
+ /,Jy/zz + t2x2?
+ I,Syz2 +142°

9,3

92 + f2:172y + tz;nyz
+ I,Bya + 1727z + xYz

+ 122 + 722

+ Izyz2 +1%2°

P

2 + t212y + r,2'ry2
+ I,syg + %%z + TYz
+ I,2y2z + 72
+ I,2yz2 +1°2°

e
B

7 tS:EZ,z/ + t31y2
+t'y® 2%z ayz
+ t2y2z + 15222
+ tyzz + 1227

52 + 1‘2121/ + t21y2
+ 3% + t'2%z + ayz
+ t2y2z +tx2®
+ tzyz2 +1423

2y

t*2” + *a’y + ay’
+ tzya +tta? 4 TYz
+ t1/2z + ta2?
+ yz2 +23

22

o2 + t21'2y + tz.mf
+ t5y3 + 22?2 + zYz
+ f2y22 + t2x2?
+ t2y22 +1°2°

>
N5

tMa® + tay + tay?
+ tzy'x +t7a% 2 4 TYz
+ty?z 4 t'w2? 4ty 122

1°2° + ta®y + tay®
+ t'iy3 + %272 + TYz
+ ty2z + tz2® + tyzz +%2°

B

t'z® + P2’y + tPxy’
+ t'iy3 + %% + TYz
+ tzyzz + x4 t3y22 +2°

i

{113 +t“zzy+tﬁzy2

+ tny3 + %272 + t'izyz

+ t6y2z + 1222 + t2y22 +2°

o
B

2

52 + 'Jrzy + 122y
+ tsyg + P2z + zYyz
+ t4y2z +tez® + I,yz2 +2°

52% + 1:2;11 + tszlry2
+ f,7y3 + 1727z + TYz
+ /,2'_1/22 + P22 + I,yz2 + 1227

2

t%2% + tar:Z;z/ + 1‘,:1:_112
+ tﬁy3 + 327z + xYz

2

+ L3y2z +txz” + I,yz2 +172°

P

t52° + t(l;z’_l/ + i3zcy2
+ t6y3 + 727z 4 xYz
+ I,yzz + ez’ 4 /,yz2 +172°

i
P

t1°2° + ta’y + tay?

+ tmy3 +1%2%2 + TYz
+ t5y2z +t322?
+ tayz2 +t2°

%% + t12y + t31y2

+ tﬂya + %%z + TYz
+ tyzz + taz?
+ t3y22 +1%2°
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Table B. List of tropical cubic curves
(K = the number of branch points)
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